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Assignment i The Role of SATEASY/SATALL

The assignment procedure accepts as input a trip matrix and a network and
assigns those trips to routes through the network based on the current cost-flow
relationships, either user-input or derived from the simulation. Its essential
outputs are flows per link, including turns in the simulation network.

The same procedures are included within the stand-alone assignment program
SATEASY as well as within the combination program SATALL. The
documentation given here applies to both (apart from Section 7.12). Extra
features specific to SATALL are documented in Section 9.

Historically SATEASY replaced the former assignment program SATASS,
although initially its main function was to add an elastic assignment capability
whereas SATASS wor ked only with a dAafixedo
SATASS were transferred elsewhere, in particular PIJA analysis (now done by
SATPIJA, see 13.1.2), and the comparison of counts and assigned flows which is
available both within P1X/SATLOOK (11.7.1, 11.11.13) and SATDB (15.6).
Currently all functions of SATEASY are embedded within SATALL so, except for
very specific applications, the use of SATALL is recommended for assignment
purposes, even for buffer-only networks.

Sections 7.1 through 7.3 assume fixed trip matrices independent of the resulting
travel costs. Sections 7.4 through 7.11 extend the discussion to include elastic or
variable demand models where both route choice and trip matrices are modelled.
A further extension to "quasi-dynamic" assignment over multiple time periods is
described in Section 17.

Users who would like to know more about the details of the theory underpinning
the assignment algorithms in SATURN should consult Dirck Van Vliet for
additional material.

Note that throughout this section we assume that the link cost-flow curves c,(V,)

are Afixed?o, as woul d occur wi t h buf f

iteration within the assignment simulation loop. The precise mathematical form of
the cost-flow curves used in SATURN are described in Section 5.4. The extra

complications whi ch aflowcsrees dredeathwithh in Sactiom b |

9.

Wardrop Equilibrium Assignment

This section describes equilibrium assignment with a fixed trip matrix and a single
user class. Extended models are described later - see 7.3 for multiple user
classes and 7.4 for variable trip matrices. The alternative general principle of
stochastic assignment is covered in 7.2.
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7.1.1

7.1.2

General Principles

The default assignment procedure within SATURN i s based on Wardr
Principle of traffic equilibrium, which may be stated as:

Traffic arranges itself on congested networks such that the cost of travel on all
routes used between each O-D pair is equal to the minimum cost of travel and all
unused routes have equal or greater cost.

Note that the cost of travel referred to above is that calculated after all traffic has

been loaded onto the network based on the total assigned traffic per link and the

assumed cost-flow curves. Thus a Wardrop Equilibrium solution allows for the

effect of congestion (via the cost-flow curves) on route choice and for the
ifeedbacko effects of congestion on route
individually perceived costs.)

A major advance in assignment theory was the recognition that the set of flows V,
satisfying Wardropdbs Principle could also I
which minimised a certain Aobjective functd.i

Equation 7.1
Va
Z=a ic.(v) dv
a o

This equivalence is extremely useful in that it enables one to establish algorithms
which, by minimising Z, guarantee finding an equilibrium solution.

(Under certain circumstances it is more con
the total number of trips in the trip matrix, so that Z/T is expressed in terms of

generalised cost units (seconds) per trip. It is not however particularly useful to

compare this cost to other average costs; it is simply a device to print Z values in

units which are broadly similar across the whole range of network sizes modelled

in SATURN.)

The Frank-Wolfe Algorithm

The standard algorithm employed by SATEASY uses the following iterative
sequence (technWelaflé yAlt her iAtFhmd)k:

1) Assign all trips to O-D paths to produce an initial set of link flows V™
where n = 1. Conventionally the first assignment is an all-or-nothing
assignment with the || i-fnlkowoi measl useest. t o( E
7.11.6 for an alternative starting point).

2) Alter the link times in accord with the current flows V.™; i.e., set: ¢, =
ca(Va").
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3) Build a new set of shortest paths based on ¢, and assign all T; to them
to produce a s eotnothifigfldwva®®.i | i aryo al l

4 Generate an fi mpr ov. &l asasnear combinatbrioh k f | ow
the old and the auxiliary flows:

Equation 7.2

v, =@ -/ ve D

a

wherea(0<a < 1) is chosen so ("aninimsehttee finewo
objective function. (See 7.1.3 below for the precise equation used to calculate
&)

5) Return to step (2) unless some convergence criterion is satisfied; for
example the maximum number of loops as specified by NITA has been
exceeded (see 7.1.5).

What distinguishes equilibrium assignment from other similar, more empirical
capacity-r estrained techniques is the choice of
concept of minimising an objective function.

In effect at each stage of the algorithm we calculate a new set of routes for all ij
and shift a certain proportion a-of all previously assigned trips onto these routes.
Thus the averaging in equation 7.2 may be viewed either at the level of individual
ij path flows or at the aggregate link-flow level. Hence after, say, 5 iterations we
will have up to 5 different routes for each ij pair (allowing for the same route to be
chosen more than once) with certain fixed proportions of trips assigned to each.
See the papers in Appendix H for a more path-based description of Frank-Wolfe.

At the conclusion of the algorithm the final solution is made up of a weighted
average of each of the n individual all-or-nothing solutions / sets of path flows
where the weight assigned to each solution/set is calculated iteratively according
to the following equation:

a, =1, @(1 - i/) (7.2b)

a

where U is the proportion of the final solution contributed by iteration j and & is
the value of & chosen on the i" iteration. Thus solution j is initially assigned a
fraction & but this is then consistently reduced by factors of (1 - &) on each
subsequent iteration.

The proportion of trips U allocated to the routes found at each iteration are printed
at the end of the assignment; e.g.
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ITERATION FRACTION
1 0.6000
2 0.2201
3 0.0349
4 0.1172
5 0.0279

Thus 60% of all trips use the routes identified in iteration 1, 22.01% follow those
from iteration 2, etc. etc.

Wardrop Equilibrium may also be achieved using slightly different algorithms; see,
for example, ROSIE in 7.1.3, Partan in 7.11.7 and MSA in 7.5.8 as well as by
either path-based algorithms or origin-based assignment (See Section 21).

Wardrop Equilibrium using the Rosie Option

Assignment with ROSIE = T differs from that with ROSIE = F (the default) in that
the link costs are calculated, in the case of simulated turns which share lanes, as
a function of the total weighted flow in those lanes as opposed to a function of the
flow for that turn alone. All other types of links and non-sharing turns have their
delays calculated as per normal.

Thus, instead of the costc,onlinka being calcul ated as a fAse
its own flow:

Ca = ca(Va)
it is calcubapadabtea finaontion of a weighte

Ca = Ca(SWyVy) + dg

where the links b e A all share lanes with link a and are saidtoconst i t ut e a Ar i v
The additive term d, distinguishes between the different turning movements within
the river.

I n the case of simulation turns, wei ghts ai
turn; e.g., if an unopposed straight-ahead movement and a heavily opposed left-

turner share the same lane then the left-turning traffic would be assigned a much

heavier weight than the straight-aheads.

With non-separable cost-flow relationships, as introduced under ROSIE, the
Wardrop Equilibrium problem can no longer be represented as a minimisation
problem, since the objective function (7.1) may no longer be uniquely defined
(due, technically, -ditaog otnhael Op reel seermecnet so fi n fit ohfe
flow partial derivatives). It may, however, be considered in the more general guise
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of a Variational Inequality as proposed independently by Mike Smith of the
University of York and Stella Dafermos of Rutgers University around 1980.

However, it turns out (see Van Vliet, D. (1987), The Frank-Wolfe Algorithm for
Equilibrium Traffic Assignment Viewed as a Variational Inequality. In: Transportation
Research 21B, pp 87-89) that the Frank-Wolfe algorithm may equally well be
interpreted in the framework of a Variational Inequality with the result that all the
steps described in 7.1.2 may be retained with only a marginally different step 3)
where a lambda value is calculated to decide how much traffic is allocated to the
latest route.

Thus, under ROSI E, we still calcul at e an
iopt i mu roé@rtaini ariatonal Inequalities sense, not minimisation. In both
cases we solve for a-via the same equation (9.4):

ac(/fv.-r}

The only difference between Frank-Wolfe and ROSIE is that in the former case
ci() is a separable function of V, whereas in the latter it is non-separable as
defined above.. Indeed there are very strong theoretical parallels between ROSIE
and AUTOK as discussed in Section 9.3.2.

Empirically this modified algorithm is observed to converge to a Wardrop
Equilibrium at virtually the same rate as the more theoretically correct version.

What is fAsacrificedd by using ROSIE is the
measures such as epsilon which rely upon the minimisation framework; however

other measures such as delta may still be evaluated.

The (it is devoutly hoped!) advantage of the solution found with ROSIE =T is that,
by incorporating part of the interaction terms in the simulation of delays (see
Section 9.1), i.e., the contribution of lane sharing, directly within the assignment it
will improve the overall rate of convergence of the assignment/simulation loops.
Preliminary tests have been encouraging and, in certain networks, it can make the
difference between convergence and non-convergence.

Alternative Applications

In principle, the basic ideas of ROSIE, i.e., assigning different weights to different

streams of traffic in order to calculate times, could be applied in different

situations. For example, on motorway links one (user/vehicle) class of traffic could

be assigned a different fAweighto from ot her
total flow as used to determine the travel time from speed-flow curves. These

weights could be additional to any user/vehicle class PCU factor and could be

either greater than or less than 1.0. This facility might then be used to define

variable PCU-factors by link or link-type so that, for example, HGVs might be

assigned a (presumably) higher PCU factors for links with an incline.

Alternatively, and also on motorways, traffic entering from a slip road might be
assigned a greater PCU factor on the first link downstream as a way of
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representing a greater O0Oi mpedenced ass
traffic.

7.1.4 The Delta Function to Monitor Wardrop Equilibrium

The relative fisuccessodo in achieving a
theso-cal | ed fADelta or gap functiond def.
Equation 7.3
g=a o (- )

aT,g
Where T, is the flow on route p from origin i to destination |
T; is the total travel from i to j
Cpij IS the (congested) cost of travel from i to j on path p

ci* is the minimum cost of travel from i to j (calculated with current congested
costs)

Thus if traffic uses a particular route pij (so that T,; > 0) then (cyj - ¢;*) is the
fexcess costo of travel on that route
pair. Hence delta measures the total cost of excess travel, with the denominator
introduced so that the measure is given in relative rather than absolute terms.
Indeed delta is most generally expressed as a percentage.

As a rule of thumb delta values less than 1% should be taken as acceptable levels
of convergence (in practical terms) while values in excess of 5% should be viewed
with concern (and probably indicate that you should increase the parameter
NITA). The argument here is that, in real life, drivers themselves find it difficult to

choose routes that are within 5% of the #nAt

for the model to do much better.

On the other hand (and more importantly), there are great practical advantages of
having a well-converged assignment model that gives a single well-defined
solution in all cases so that one should always strive to achieve delta values which
are as low as possible (i.e. much less than 1% and ideally less than 0.25% if
practicable). See Section 21 for a discussion of Origin Based Assignment, an
alternative to Frank-Wolfe, which can reduce delta values to effectively zero.

See al so Sections 9. 2. 4 and 9.5. 3 for
convergence.

Finally, we should note that, although delta has the advantages of being relatively
easy to understand and relatively easy to calculate for a wide range of assignment
algorithms (i.e., not just Frank-Wolfe), it also has certain disadvantages as a
convergence parameter.
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Thus it is not necessarily guaranteed to always decrease from one iteration to the
next. Indeed it may typically vary by factors of two between successive iterations.
Thus, if you set a target of 1.0% which is first reached, say, on iteration 10 there is
no guarantee that the 11™ and/or later iterations will also be below 1.0%. The
epsilon parameter described in the next section has the advantage of being non-
increasing and is therefore recommended in preference to delta as a convergence
parameter.

Stopping and/or Convergence Criteria for Wardrop Equilibrium

The Frank-Wolfe sequence is carried out for a variable number of iterations until
one or more convergence criteria are satisfied, i.e., until it looks as though any
further iterations will not be cost-effective. This section briefly describes these
criteria.

The fADelta Functionbo, along with its
second method of monitoring convergence is to consider the objective function
directly which, as mentioned above, the Frank-Wolfe algorithm seeks to minimise.
It may be shown that a lower bound to the ultimate objective function, Z*, can be
calculated at the n-th iteration by the formula

Equation 7.4
Z,(m=2(n -a Ti (G ﬁt) (a)

At convergence Z and Z, meet at the minimum value, Z*. Figure 7.1 illustrates
the Atypical 0 bwabafunctionwofthe ddratiod nuanbedn. Z

Note that Z;, does not necessarily increase on every iteration, e.g. on iteration 5,
so that a better lower bound on Z* may be obtained by taking the maximum lower
bound achieved to date; i.e., set:

Zp™(n) =max(Z, (i),i =Ln) (b)

Figure 7.1 - Assignment Objective Function (Z) and Lower Bound Zy;,)
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We may now define the Auncertaintyo
epsilon defined by:

Equation 7.5
en) =(Z(n -Z™(n)/ A n

Note that the numerator in epsilon is effectively the same as that used to define
the delta function, eqn. (7.3): both are measures of the differences in current and
minimum total vehicle costs (compare the second term in egn. 7.4(b) and the
numerator in eqn (7.3)). They also di
the total vehicle cost and epsilon, by the current objective function (which, as an
integral of cost vrs. flow, is an underestimate of total flow times cost).

In practice epsilon values are broadly similar to delta but have one great
advantage over delta in that they are guaranteed non-increasing (i.e., they can
only decrease / stay the same from one iteration to the next). This, therefore,
makes epsilon far more attractive convergence parameter than delta and is the
reason that epsilon is used as a stopping criteria in SATURN assignments, not
delta.

A further measure of the effectiveness of the n-th step of the iteration is therefore
how much it reduces Z relative to e. We define a fractional rate of improvement on
the n-th iteration by:

Equation 7.6
F(n=(Z(n -Zn B)/e(n ZD/ e

Note that all of the above convergence measures may only be calculated AFTER
the next iteration in the Frank-Wolfe sequence; i.e., after the all-or-nothing flows
for a given set of V. are calculated. The iterative loops terminate after the n-th
iteration if any of the following conditions are satisfied

() n2 NITA

(i) on) ¢ XFSTOP

(i) F(n-1) ¢ FISTOP and F(n-2) ¢ FISTOP
(iv) U(n) <UNCRTS (as a percentage)

In addition a minimum number of assignment iterations may also be specified
using the parameter NITA_M. This is useful if, for one reason or another, the
assignment converges too rapidly. By default NITA_M equals 3 for Frank-Wolfe

ffer

assignment, 1 for OBA; set it to O or 1 to Adisabl e

Note that since the relative improvement F can only be calculated AFTER the
following load condition (iii) is given in terms of F(n-1) instead of F(n); hence an

additional 6combinationd of fl ows occurs

must also be satisfied on two successive iterations since, from experience, a small
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improvement on one iteration is very often followed by a large improvement on the
next.

Of the four conditions used the test on U i
on an absolute measure of the fAdistanceodo b
solution. F and a-are more measur es of Aiprogresso and indi
the algorithm has become Astucko or i s p
necessarily the same thing as being finear o

All five stopping parameters, NITA, NITA_M, XFSTOP, FISTOP and UNCRTS
may be set as namelist parameters within either SATNET or the assignment
programs (SATEASY or SATALL). The default values are 20, 3, 0.05%, 0.05%
and 0.05% respectively. To effectively cancel one or more of the above stopping
conditions set its critical value to zero (or, in the case of NITA, to a very large
value).

We may also note here that NITA may not necessarily be a constant value but
may be 0 optSATALLsat ehch sthge of the assignment-simulation loop
as governed by a parameter AUTONA described in greater detail in 9.5.4.

Unigueness of Wardrop Equilibrium Solutions

In general the link flows V, generated by a perfectly converged Wardrop
Equilibrium assignment are unique. (Strictly speaking only the equilibrium link
costs ¢, and the O-D costs cij* are unique but, unless the link cost-flow curves are
flat at the equilibrium, the link flows are also unique.)

However the path flows T which make up the solution are, in general, not unique
and, under certain conditions, this may cause problems. See, for example,
sections 15.23.7 and note (7) in 15.27.6 where we note that the average O-D
times, distances etc. (as frequently used for economic evaluation purposes or for
feedback to demand models) are not unique.

For example, consider the very simple case of two links connecting the same two
nodes with, at equilibrium, flows of 500 pcu/hr on both links. Let the total flow of
1,000 be generated at two different origins, each of which provides 500 pcu/hr.
The Amost | i kel yodo equadf@ eadhromgm tohavedasflowoof
250 pcu/hr on each link. However, it is also possible to obtain the identical
equilibrium link flows by assigning all the 500 pcu/hr flow from origin 1 to one link
and all from origin 2 to the other i or vice versa. And clearly any other split of
origin 1 flows between 0 and 500 are equally valid as equilibrium solutions as long
as the overall 500:500 split between the two links is maintained.

Ingeneral Frank-Wo | f e At ends 0 -$plitsoktiomsbHut mohakvays.q u i

The issue becomes important if, say, one link is tolled and the other is not and we
wish to avoid the anomalous situation where all trips from origin 1 are apparently
using the tolled link and no trips from origin 2 are. The total toll generated is
unique; the ambiguities only arise at more disaggregate levels.
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A similar situation may also occur with multiple user classes (see 7.3) where, in
the above example, the question is whether user class 1 or user class 2 uses the
tolled link. Again, the solution algorithms used in SATURN, tend to avoid the
problem by spreading trips equally between origin/user class/etc

7.2 Stochastic User Equilibrium (SUE) Assignment

7.2.1 General Principles

An alternative definition of a Astochasticoc
written as:

Traffic arranges itself on congested networks such that the routes chosen by
individual drivers are those with the minimum PERCEIVED cost; routes with
perceived costs in excess of the minima are not used.

The important difference between these two formulations is that Wardrop
Equilibrium implicitly assumes that all users perceive travel cost in an identical
manner - which is to say the definition of travel cost set by the modeller - whereas
SUE allows different users to have different perceptions of what actually
constitutes travel cost to them.

Stochastic models are set up by assuming that the cost as defined by the model is

the Acorrectodo average cost but t hat t her e
perceived by individuals. The perceived cost of a route may therefore be

simulated by selecting a cost at random from the perceived distribution of costs on

each link.

Algorithms designed to reflect the resulting flows are generally referred to in the
UK as fABurrell assignment model so.

A variant of stochastic assignment, STOLL which is used to represent the
variability in usersé evaluation of toll s,

7.2.2 Solution Algorithms: The Method of Successive Averages

The problem with standard formulations of Burrell assignment is that they tend to
assume flow-independent costs - or more definitively they give no precise method
as to how to take congestion into account.

However , Yosef Shef fi of M. I . T. has showr
Successive Aver age s ot amet ofselfcansstent BUE flows.e | i mi
(Y. Sheffi and W. Powell; A comparison of stochastic and deterministic traffic

assignment over congested networks. Transportation Research 15B, 53-64,

1981. See Van Vliet and Dow, TEC June 1979, for a discussion of what
constitutessasfiesatf SUE solutiono.)
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8§ Step 0. Assume some form of the distribution of link costs about the mean;
see 7.2.3.

§ Step 1. Set all I ink costs to their dAfre

§ Step 2. Carry out a Burrell-style assignment with the current costs in which
for each origin we: (a) generate random link costs and (b) assign all trips to
their minimum (random) <costorm®tuhiersgd of Ipow
F..

§ Step 3. Average the all-or-nothing flows from step 2 with the previous flows
using the equation

VI = YV B n
where V™ are the average flows after n iterations.”
N.B. On the first iteration simply set V,* = F,©.
§ Step 4. Adjust the link costs (times) to correspond to V,™™%.

8§ Step 5. Increment n by 1 and return to step 2 unless n exceeds some pre-set
value (NITA).

The reason for choosing the Aaveraging fact
after n iterations the total flow is equally divided between all n sets of routes
generat ed t o dat e; hence the name fimet hod of S

To carry out SUE assignment using SATURN simply set the parameter SUZIE to
TRUE and set values for KOB, KORN, NITA and SUET. All other options within
SATEASY may still be invoked.

N.B. SUE assignment converges much more slowly than Wardrop equilibrium. In
addition, it is much more difficult to monitor the convergence. You are therefore
advised to set a large value of NITA, the number of loops in the MSA algorithm, in
order to assure a reasonable level of convergence; for example, values of 20 or
30 would not be unreasonable (unless cpu time is a constraint). See 7.2.5 for
further information

7.2.3 The Choice of Link Cost Distributions (KOB and SUET)
7.2.3.1 General Principles

The assumed distribution of link costs may take one of four forms

1) A rectangular distribution such that there is an equal probability of the link
costs being in the range C1 to C2, with the mean (C1+C2)/2 being equal to
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the calculated link cost C. SUET defines the maximum spread such that (C2
-C)=(C-C1) = SUET*C.

2) A normal distribution whose mean equals C and whose standard deviation =
SUET*C; i.e., SUET is the coefficient of variation.

3) A normal distribution whose mean equals C and whose variance = SUET*C;
i.e., SUETisthecoef fi ci ent of di spersi on, and t he

4) Generaliseduser-set di stribution defined by a #dc
set in an external data file.

The rectangular distribution is used if KOB = 0 (the default) and the normal is used
if KOB = 1 or 2. While the normal distribution is more satisfactory from a number
of theoretical points of view it also involves considerably more effort in terms of
increased cpu; hence the default choice of the rectangular option.

Theoretically KOB = 2 is preferred to KOB = 1 since it means that the properties of

two |inks o6in seriesd are identical to the
arises from the fact that the variance of normal distributions is additive, not the

standard deviation. It also brings the SATURN stochastic procedure closer to the

procedures recommended by the UK Department of Transport.

7.2.3.2 Cumulative Density Functions (KOB = 3)

The fourth alternative, set by KOB = 3 and new in SATURN 10.5, allows the user

to specify any generalised form of distribution numerically. The distribution is
defined in terms of its fciorustriegly spealkding,densi t y
the inverse of a cumulative density function. Thus, a CDF y = F(x) defines the

probability that a random variable is less than x where 0<=y <= 1; the inverse x =

F(y) defines x as a function of the cumulative probability y.

In this case x represents a random number which is used to factor the link cost,
ie.,

Ci=xC

where Cisthecurrentl i nk cost and Cd& its randomised v
about the distribution of a random asari abl e
opposed to the actual distribution of costs on a specific link. Hence x is unitless.

Suitably randomised x values are generated by, firstly, randomly generating a
uniformly distributed value y in the range (0,1) and then, secondly, calculating the
corresponding value of x.

The inverse CDF function F() is numerically set by defining a set of x values
corresponding to equal increments of y. For example, if 11 values of x are input
they are assumed to correspond to vy

1]
o
o
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might expect that the sixth value, corresponding to y = 0.5, would be
approximately 1.0).

CDF functions are defined by text (ascii) files with, by default, the file extension
i.cdfo. Each such file may contain mor e t
containing the records:

0.1,0.9
0.5, 0.95
1.0,1.0
1.5,1.05

2.01.10

Woul d define two CDFO sngaverywidefspreacsaf randome r epr e
multipliers in the range 0.1 to 2.0 while
distribution in the range 0.0 to 1.10. The different functions may be used for

different user classes i see 7.2.3.3 below.

In the above example with 5 lines of input the three intermediate values represent
oquartil eso; i.e., the | owest 25% of values
to 0.5, the next 25% are in the range 0.5 to 1.0, etc. Intermediate values are set

by linear interpolation.

To define a function with maximum numerical precision the maximum number of
inputs must be used, with an upper limit of 101 points (which therefore define the
CDF at intervals of 0.01).

The filenames for CDF6s are setteuRCDFg t he |
under &PARAM. N.B. At present there is no way that it may be defined on the
Command Line unlike, say, trip matrix filenames. Also it may only be defined
within the inputs to SATNET, not as an input to SATALL where it is actually used.

C D F 6 sw uasdrsl complete flexibility in defining random number distributions. For

example, a CDF may represent a skewed distribution such as a gamma or log-

nor mal which is a Anatural o form of distrib
values of road charges; see 20.6 for an application under STOLL.

The advantage of using a .cdf file (i.e., KOB = 3 rather than one of the other
values) is that it allows complete flexibility in the randomisation of the link costs.

7.2.3.3 Choice of Cumulative Density Functions (KDF)

With more than one user class and more than one input cumulative density
function it is possible to select a different CDF for each user class. This is done
via the Namelist input parameters (under &PARAM in .dat files) KDF(); thus
KDF(2) = 2 indicates that user class 2 uses the second input CDF.
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7.2.4

7.2.5

Thus you may define one user class with a very small spread in perceived costs
and another with a large spread.

The Generation of Random Numbers (KORN)

Let us first describe very briefly how random numbers are generated on a

computer . I n fact they are not trul
numbers which appear, from a statistical point of view, to be random; but are in
fact set in a totally deterministic f

The equation used to generate the (n+1)th number X™? given the value X™ of the
nth is generally of the form:

XM = (A BX™Ymod C

where A, B and C are extremely large numbers. (Mod C implies you divide A +
B*X by C and take the remainder.) Thus by choosing a certain value for X the
user can guarantee reproducing exactly the same random numbers at any stage.

KORN is therefore just such a seed value X so that running the assignment
twice with identical values of KORN gives identical results. Change KORN and
you obtain different flows, although as NITA is increased two different runs should
approach one another Astatisticallyo.

However there are complications (aren't there always?). Thus a highly desirable
property of an assignment is the ability to reproduce the routes generated by the
assignment at a later stage (see 15.23 for a discussion of these merits), in which
case it is essential to be able to reproduce the random numbers generated at
each iteration of the assignment. For this reason a new sequence of random
numbers is initiated with each different origin-based tree-building operation using
a seed value ISEED defined by:

ISEED = KORN+NOMAD+10*NASS+100*NITER+3000*IORIG

Thus P1X, for example, can build exactly the same O-D routes as were used in
SATEASY or SATALL.

The Convergence of Stochastic Assignment

The convergence of a stochastic assignment process based on the Monte Carlo
principles of the continuous generation of random numbers is notoriously difficult
to measure. It has to converge with respect to both the effects of congestion (as
with Wardrop) plus the effects of random perceptions. Unlike Wardrop equilibrium
there are no parameters which definitely reduce to zero at perfect convergence -
even if two successive iterations give identical results this could simply be the
result of a freak set of random numbers (indeed it certainly would be, even at
convergence).
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SATURN therefore terminates a stochastic assignment only after the maximum
number of iterations, NITA, has been executed, never before. Thus the user
always has total control over the stopping criteria.

However to help in monitoring the level of convergence SATURN stochastic
assignment routines print out a number of global statistics

§ The total pcu-cost at the end of each iteration:

e =&V ()

where the costs are those evaluated after the assignment.
8 At convergence the total costs might be expected to randomly fluctuate about
the fAtrued value; therefore a con®Bigsstent
indicative of a lack of convergence.

At convergence both measures approach zero but, for the reasons noted above,
will never exactly equal zero.

In both cases convergence may appear to have been achieved, but this may be
an artefact of the Method of Successive Averages algorithm whereby the changes
in flows on the nth iteration are strictly limited by the use of the factor 1/n in
combining flows. Thus, for example, RMS differences tend to zero whether or not
true convergence has been achieved.

The best advice we can offer to users is to choose a value of NITA which (a)
appears to stabilise C™ and (b) does not use excessive cpu times. Alternatively
one could monitor for convergence using the MSA algorithm for Wardrop
Equilibrium (see 7.11.8) and then allow as many terations for the stochastic plus,
say, 10.

7.2.6 The Choice of Technique: Wardrop or Stochastic

In principle there are 4 very general categories of assignment techniques
available within SATURN:

(i) All-or-nothing assignment;

(i) Pure stochastic (with costs fixed);
(i) Wardrop Equilibrium;

(iv) Stochastic User Equilibrium

as determined by the parameters SUZIE and AMY. Of these methods 1 and 2
(where AMY = T) may be generally disregarded since they are only applicable to
very lightly loaded networks with very little congestion; clearly such conditions do
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7.3

7.3.1

occur but not i n the s olfSATURN useismre tikely te md net
encounter.

However with increased congestion it becomes essential to account for the effects

of capacity restraint upon route choice so that the real choice boils down to

whet her or not to choose the Wardrop Equi |
Equilibriumo, UE) or Stochastic User Equili
be made for SUE, given that it takes into account, albeit in a somewhat

approximate fashion, the differences in route choice BETWEEN different drivers.

However for highly congested networks it is probably safe to ignore stochastic

effects and to use an equilibrium model; various studies have shown that the

differences in modelled flows between UE and SUE at high flows are relatively

small (compared, e.g., to the inherent modelling errors).

On t he ot her hand for Aintermedi at eo l ev
preferable to UE since the congestion effects are not sufficient to cause a realistic

spread of drivers between competing routes. (And the same argument applies to

the rare cases of very lightly congested networks.)

The question therefore is how to distinguish between intermediate and high levels

of congestion. One wuseful me axdr @a rod mectoenrg
calculated by the assignment which is the ratio of the excess travel costs due to

congestion (total vehicle-hours at congestion less total vehicle hours at free flow)

relative to the total vehicle costs under free flow conditions. As a rule of thumb if

epsilon-2 is less than 25% use SUE,; if over 25% use Wardrop or UE. In case of

doubt two or more methods should be tested in order to determine the sensitivity

of the results to the assumptions made.

This is, however, only a rule of thumb and there are other factors which influence
the choice of method. Thus, a major disadvantage of SUE is that the results are
statistically uncertain, which is one reason why many modellers will use Wardrop
Equilibrium even in relatively lightly congested networks. In fact, one should not
really speak -fédndgirnméesiongtj adgement 6 i s what

Multiple User Class Assignment

The Definition of User Classes

Multiple user classes* (MUC) refer to trips which differ with respect to either:
a) vehicle type, or

b) their criteria for route choice, or

c) network restrictions

* See Section 5.8 for a description of the distinction between user and vehicle classes.
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7.3.2

For example, lorries and cars would constitute different classes as would
cars/drivers seeking minimum time routes and minimum distance routes. Equally
cars and taxis would be different classes if there were taxi-only links. MUC
assignment is therefore the problem of assigning a number of different user
classes to the same road network.

The number of user classes is set by the parameter NOMADS with the default
value of 1 for a single user class and an upper limit of 32. The interaction
between different user classes can be based either on a Wardrop Equilibrium or a
Stochastic Equilibrium principle, i.e.

At equilibrium all routes used are PERCEIVED as being minimum cost routes
by individuals within each user class (as well as being permitted routes).

or

At equilibrium all routes used by a particular user class are minimum cost
routes as defined by that user class while all other (permitted) routes have
equal or greater cost.

Note that the term fipermittedo above
by user class, while the stochastic definition allows for variations in perceived cost
WITHIN each user class. The choice between the two options is controlled by the
parameter SUZIE as with normal single-class assignment. A more complete
explanation of MUC assignment theory is given in Van Vliet et al (1986); see
Appendix C.

See Section 5.8 for a description of the distinction between user and vehicle
classes.

Implementing MUC Assignment

To carry out MUC assignment the user must specify:
a) atrip matrix for each class,

b) cost definitions by class, and

c) any network restrictions for each class.

Specifications (a) - in part - and (b) - in full - involve data input to SATNET under
the 88888 data records (see Section 6.11) which is therefore compulsory.

Further data specifying the form of the demand model(s) will be required under
elastic/variable demand models; see 7.9. Within this section we assume fixed trip
matrices.
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7.3.2.1  MUC Trip Matrices

The trip matrix for a user class (UC) can be defined either as a fraction of a larger
matrix or as a matrix in its own right. For example, a travel survey might pick up
two different heavy lorry and car matrices but, based on other surveys, it might be
desired to divide the single car matrix, say, 70:30 between minimum time and
minimum distance route choosers. In this case only two trip matrices would be
required although there would be three user classes.

I f more than one trip matrix is to be ass
required matrices into a stacked matrix file as explained in Section 10.2; hence 4

nxn matrices would be stacked into a 4n x n matrix file which is input into

SATEASY. The first matrix input into a stack
10 matrix, the second as fALevel 20, etc.

Since MX can only stack up to 10 individual matrices in a single run if, unusually,

you wish to have more than 10 stacked matrices (N.B. matrices, not user classes)

you wi || need to stack them Ain stages?o. F
matrices 1 to 5 into a 5n x n stacked matrix and then 6 to 10 and 11 to 15 into

similar matrices. Finally stack all 5n x n matrices into a single 15n x n stacked

matrix.

Individual sub-matrices or levels must be set up as unformatted matrix files in the
normal way prior to stacking them together, and may be updated using SATME2
as described in Section 13.4.

The 68888806 i IBATNET speeifg, mterdaka, (&) ahich level of matrix
is relevant for each user class; and (b) whether the matrix is to be multiplied by
some factor (e.g., by 0.7 or 0.3 as above). The default values assume level 1 with

a factor of 1.0 Do ctalsaet otf hea ndssitnagnldear wWs er
standard n x n fAunstackedo trip matrix wit
6888886 data records given in Section 6.14
88888 * Matrix and generalised cost definitions

* for each user class (UC):
1 10.201.001.00 *UC 1 forms 20% of matrix level 1

* and defines cost = 1.0*time + 1.0*dist
2 10.400.001.00 *UC 2 forms 40% of matrix level 1

* and is distance minimizing (cost = dist)

3 10.401.00 3.00 *UC 3 forms 40% as well and defines

* cost = time + 3.0*dist

For a matrix with three explicitly stacked levels the data might appear as:
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88888

1 11.001.001.00

2 21.000.001.00

3 31.001.003.00

In general we would strongly recommend that if any of the user class sub-matrices
are likely to be independently manipulated at some stage, e.g., through elastic
assignment, ME2 matrix estimation, cordoning, etc., etc., then it is best to define
them explicitly as stacked levels without any factoring from the beginning,
otherwise problems may be created later on.

7.3.2.2 MUC Cost Definition

Each user class may have a different combination of time and distance specified
as its generalised cost; user-class specific values of PPM (pence per minute) and
PPK (pence per Kkilometre) are also defined

In addition one canincludet he extra (AKNOBSO0) data arrays
and/or tolls. Thus for a user class who were primarily concerned with scenic

routes one might i nput an extra data field
scenic links would hgwvwelankewai mdgh amdefd
guantity a relatively high coefficient in the definition of generalised costs. See

Sections 7.11.2 and 6.11.

7.3.2.3 MUC Network Restrictions

Banned | inks and turns as specIiSATNETdcanon t he
also be made user-class specific so that, for example, a turn can be banned to
HGVG6s or a | ink reserved for taxis and bu:

penalties may be added to links in order to represent, for example, the fact the
certain roads may have very different travel speeds for different vehicle types.
See the example in 6.14

7.3.3 Multiple User Class Algorithms

The algorithms implemented within SATURN to carry out multiple user class
assignment mirror very closely those described above for either Wardrop
Equilibrium (7.1.2) or Stochastic Equilibrium (7.2.2) with the one exception that
instead of a single all-or-nothing assignment being carried out at each iteration a
complete set of all-or-nothing assignments is carried out, one for each user class.
Note that costs are therefore only updated AFTER all user classes have been re-
assigned.

Thus in the Frank-Wolfe algorithm the combination of the old and auxiliary (all-or-
nothing) flows is the same for all classes. Hence at the end of the algorithm the
fract i on of trips assigned to each iterationd
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7.4

7.4.1

(There is one exception to thisrule-i f a wuser <c¢class is
routes, e.g., minimum distance, it is assigned once and only once to that route in
iteration 1 and thereafter disregarded.)

Similarly with the Stochastic Multiple User Class Assignment the MSA algorithm
assigns equal flows to each iteration over all classes. Note that the values of
SUET may differ by user class as defined via subscripted values of SUET under
&PARAM; e,g., SUET(2) = 0.5 defines SUET for user class 2 specifically, SUIET =
0.5 defines it for all user classes. See also 6.11.

Joint Equilibrium Assignment and Variable Demand Models

General Principles of Supply-Demand Equilibrium

Previ ous discussions have assumed that
independent of the road costs that emerge from the assignment process. A more
general modelling approach is to assume that the road trip matrix (or matrices)
depends on the (generalised) cost of travel; traditional model forms include, e.g.,
distribution or modal split models where the choice of destination and/or mode

assiagn

t he t

depends on the road (plus other) <costs. w

model s0 and we g@ecaemltesnsi t e in very

Equation 7.7
T=d(O

where T is a general vector representing all o-d movements to be assigned and ¢
represents all o-d costs (by road). Traditional 4-stage models fall into this
category.

Equally the assignment procedure for a fixed trip matrix T may be thought of as a
process, one output of which will be o-d travel costs by road. These costs will
depend, via the levels of congestion, on the input trip matrix. We can therefore
think of the assignment as a networKk

Equation 7.8
C=4

In such a joint modelling approach we require that the demand and supply
processes are not only internally consistent but are also consistent between
themselves such that, using * to denote joint equilibrium.

Equation 7.9
T =d(c) (a
and

c=gT) (b

In other words, given a set of network travel costs c*, the demand model produces
a set of trip matrix (road) demands T* and, if we assign T* to the road network, the
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resulting o-d travel costs are again c*. The demand and supply models are
therefore in Aequilibriumod.

The general form of the demand and supply models is as sketched in Figure 7.2
indicating that demand decreases as travel costs increase and that travel costs
increase (congestion) as demand increases. The equilibrium we seek is at the
intersection of the two curves.

Figure 7.2 - Supply/Demand Equilibrium

Costs
t Demand d{c)

Supply s(T)

»
L

Demand (Trips)

Figure 7.2 is of course highly simplified
both costs and trips are n,xn, matrices (with even further disaggregation possible

by, e.g. user class or time period). However the general principle of an
equilibrium intersection point still holds.

Note also in Figure 7.2 that a fAfixedod tri
curve which would simply be a vertical line. Equally the nearer the demand curve

(in this diagram) is to the horizontal the more sensitive are the demands to the

costs (and, as we shall see below, the more difficult it is likely to be to solve for the

joint equilibrium).

(Certain people may prefer to have costs along the X-axis and trips along the Y-
axis and, indeed, when considering demand curves on their own, this is probably
more natural. The concept of equilibrium holds either way; take your pick!)

In addition, provided we specify that the assignment or route choice must satisfy

the Wardrop Equilibrium conditions (7.1.1), the resulting model may be thought of

as being in Adouble equilibriumd such that
travel by road) choices are in equilibrium with the resulting road costs.
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SDM AND VDM MODELS: TERMINOLOGY
Demand models may be conveniently sub-divided into two categories:

§ those where the number of trips by road for a specific ij movement T; only
depends on costs by road for that ij pair; and

§ those where T; depends (directly or indirectly) on all costs.

An example of 1) would be modal split where the choice between road and public
transport for a single ij pair is a function only of the relative ij road and PT costs
but the choice of destination is fixed. An example of 2) would be a constrained
distribution model where, if the value of one Tj cell is reduced, then those trips will
be re-assigned to another cell.

We may al so describe these two categeries a
separ abl e demandd model s Fidependdnee ingypenlymay t hat t
be separated by ij cell but not with type 2). Alternatively one can speak of type 1)

as an-chewm demand model . 't has al so become
demand modelsasbei ng fAsi mpl eod.

For both these reasons our current (post January 2006) preference is to use the

shorthand abbreviations SDM and VDM to distinguish between types 1) and 2)

model s respectivel vy: DM for iDemand Mo d e |
ASepar ablfed &anvdarV abl eo.

Unfortunately there is a lot of alternative terminology for demand models in
common circulation and some confusion is virtually inevitable, even within the
SATURN Manual.

Thus originally SATURN allowed only for type 1) (SDM) models and these

became widely known as either Afel asticod o
However, on its own, elastic is not a particularly useful definition since (a) in a

sense all demand models are elastic in that they allow the trip matrices to be

istr et ch® thére is aaspetific form of SDM known as Constant Elasticity

(7.7.1). In addition elasticity is a standard and well-defined economic concept

(7.7.5) which applies to all demand models. Despite these objections, and in

deference to past common usage,the documentation will use |
assignmédtasstorc equilibrium assignmento in &
instead of, SDM.

I n gener al the internal el asti cSABURBII gnhment
apply only to separable demand models, although they have also been extended

T primarily as a demonstration of a general principle - to one particular form of a

variable demand model (singly constrained distribution; see Section 7.10). Thus

Sections 7.5 to 7.9 refer only to SDM models. However SATURN may also be

used in conjunction with a whole host of external VDM as described in Section

7.4.5.
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The demand models available within SATURN generally require one or more

ffot herdo costs rather than simply tdpldg cost s
model may need to have a matrix of ij costs by the public transport mode.

Sometimes, as in the case of incremental demand models (7.8), these may be

generated by other SATURN runs; however other times, as in the case of public

transport cost matrices, these will need to be generated by other models and

converted (as required) into SATURN matrix format. In particular the PT-

SATURN suite of programs, also available through Atkins Transport Planning,

may be used to carry out public transport assignment in conjunction with

SATURN.

We may also note at this point the general principles outlined above apply equally
well to multiple user class assignment where, potentially at least, each user class
may be modelled according to a different form of variable demand model or the
same form but with different parameters. See 7.9 for detailed instructions.

7.4.2 Equivalent Optimisation Formulations: Separable Demand Models

Thus far we have only specified the solution to the joint assignment and variable
demand problem as the point of intersection between (multi-dimensional) demand
and supply curves as illustrated in Figure 7.2. However it turns out that, subject to
certain restrictions on the properties of the supply and demand curves, the
solution point also has the property that it minimises a certain convex function.
This in fact simply extends the equivalence of Wardrop equilibrium assignment to
a minimisation problem as discussed in Section 7.1.1.

In particular, the restrictions on the form of demand curves are most easily
satisfied by separable demand functions although they may be further extended to
certain 1 but definitely not all T forms of variable demand functions. In other words
objective functions may be applied to SDM but not, in general, VDM.

The advantage of being able to represent joint assignment/demand problems as
minimisation problems is that it enables strictly convergent solution algorithms to
be developed, in the same way that the Frank-Wolfe algorithm (see 7.1.2) solves
for Wardrop Equilibrium. In fact the algorithms used in SATURN for joint
assignment/demand problems are basically extensions of the Frank-Wolfe
algorithm.

In very general terms the combined objective function may be written as:
Equation 7.10
Z=pshdt - E()dt
= ydt - B

where d'( T) represents the fAinverseodo demand cu
1
(M.

* Note that in our diagrams there is no difference between the curves d(c) and d(T); they differ only
in terms of which variable or axis is thought of as b
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The first term in (7.10) is equivalent to the standard Wardrop Equilibrium objective
the fAareado
the demand curve from 0 up to T. Both are illustrated individually in Figures 7.3a
and 7.3b respectively and, as they would appear at the equilibrium, in Figure 7.4.

function (7.1); the second term represents the negative o f

C

Figure 7.3 (a) - The supply-side objective function

A

s(T)

A J

(b) - The demand-side objective function

\’ 41Ty

[
L

T

Note that in Figure 7.4 the area under the supply curve (represented by the
horizontal hatching) is positive while that under the inverse demand curve (the

vertical hatching) is negative.
exactly

Acancell ed outo by

contribution as illustrated in Figure 7.5.

Hence at equilibrium the supply contribution is

part of the

Thus the problem of minimising the objective function (7.10) may be interpreted
geometrically as making the negative area in Figure 7.5 as large - in absolute
terms - as possible. Which, if you think about it long enough, implies taking T as

t he

point

of

i ntersection

n

F ingeasing as 7 .

we go from O up to the point of intersection but if we go beyond the intersection
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point the negative contribution from the demand curve is now below the positive
contribution from the supply curve - a bad thing from the point of view of
minimisation.)

A further, somewhat technical, implication of having both positive and negative
components in the objective function is that the final optimum value may turn out
to be either positive or negative or even near zero. We need to bear this in mind
when considering stopping criterion based on relative changes in the objective
function such as, see 7.1.5.

Figure 7.4 - The combined supply (horizontal lines) and demand (vertical lines)
objective functions at equilibrium

C A
s(T)

d(T)

> T

Figure75-The Anetd (negative) objective functi

A
s(T)

d(T)

A J
.%
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7.4.3 Solution Algorithms

Almost all algorithms for solving the combined variable demand/assignment are

highly iterative in natur e, invol ving not only Aintern
assignment and/ or demand model s but al so m
sub-models themselves. It is the latter on which we shall focus here.

As illustrated in Figure 7.2 we need to find a (n-dimensional) point of intersection

between two sub-models. The most straight forward method, but not necessarily
convergent nor efficient, is to follow a i
with an assumed set of link costs ¢ and hence o-d costs we iteratively:

§ Solve for the corresponding trip matrix (demand)

8§ Assign that trip matrix to the network to obtain a new set of link flows plus
costs (supply) and return to step (1).

In more algebraic terms we may represent the process by:
(n) (n ) 1)
Q? _ -E n _ \é n _ (‘(Jn _ ér& _

We could equally start the iterative process with an assumed trip matrix T® such
that the first model carried out is supply (assignment), not demand.

However we start, the process may be terminated when (and if) the trip matrices
(or cost matrices, link flows, etc) are sufficiently close on two successive
iterations.

Diagrammatically, and in one dimension, the procedure is as illustrated in Figure
7.6 where, starting with assumed costs ¢ and the corresponding demand T
represented at point A, step (2) above (supply) is represented by the vertical line
from A to B and step (1) (demand) by the horizontal line from B to C. Here
successive applications of the supply and demand sub-models take us through
successive points A, B, C, D, E, which spiral in towards the ultimate point of
intersection - equilibrium.
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Figure 7.6 - A (convergent) cobweb set of demand/supply iterations

C A d_lm S(T)

o

A
\E D

N )
B = S R—

A J
.%

However convergence need not occur a-nd the
convergent fashion just as easily as inwards, as illustrated in Figure 7.7.

Figure 7.7 - A non-convergent cobweb set of demand/supply iterations
F 3

C s(T)

4

d(T)

N\

> T

In fact it may be shown that (in one dimension) the cobweb converges (locally at
least) as long as:

-1
ks _ o

ur U]

and diverges otherwise. (Technically these are Lifschitz conditions.)

Convergence occurs, for example, if costs are relatively insensitive to the flows
(Us/HT - 0), as would occur in an uncongested network, or if the demand is
relatively insensitive to the costs (-Ld/ L T>>0), as would occur if the trip matrix
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is fixed or nearly fixed and the demand curves are near to the vertical in our
diagrams.

In summary, cobweb techniques are relatively easy to apply but unreliable in
terms of their convergence properties. In the next section we consider some
simple modifications to the Apureodo iteratiyv

7.4.4 AfiDampe@& Cobweb | terations

Clearly, in either Figure 7.6 or Figure 7.7, if, when we adjust the costs from A to B
or the demand from B to C, we could have se
or demand which would be somewhere between A and B or between B and C
respectively then we would converge immediately. This, in a nutshell, is what
algorithms based on minimising the objective function (7.10) attempt to do. Thus,
instead of changing the trip matrix from its current estimate to the new estimate
based on the current costs (i.e. from B to C or from D to E), an intermediate or
averaged solution is generated. We may al so

I n algebraic terms we may represent the av
matrix on iterations n - n+1 by:

TV =@ )T ()

as opposed to the Apured demand change
-I-(n+1) = d(C(n))

The averaging parameter | is, within an optimisation framework, chosen such that
the objective function (7.10) is minimised. This procedure is both efficient and
convergent, independent of whether the condition on derivatives is satisfied.

Al ternatively it is possible to formulate
values above are generated according to some heuristic rule, e.g. | = 0.5. The

most frequently used heuristic rule 7 although almost certainly not the most

efficient-i s t he fimet hod of suclceldnydeevradso @22 r ages O
Other methods are described below.

Al gori thms of this nature may #Khatalkthe her fi i
calculations are done within a single progt
the averaging and/or optimum calculations are carried out outside the assignment

programs with some degree of user intervention.

The cobweb algorithms used within SATALL and/or SATEASY are all internalised
based on the concept of minimising an objective function; they therefore require
no further user intervention as regards the choice of I . Most of the documentation
in section 7 describes this methodology in some detail. However we give next a
short section describing alternative methods in which SATURN is linked to an
external demand model where more empirical cobweb methods must be followed.
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7.4.5 External Supply-Demand Iterations for VDM

7.45.1 VDM Shells

We consider here the (not uncommon) situation where SATURN is being used
purely as a fixed trip matrix traffic assignment tool within a much larger modelling
framework which includes complex VDM demand model specifications which
cannot be included within the restricted set of demand models provided internally
within SATURN. The DIADEM model sponsored by the UK Department of
Transport (see also Section 15.51) is one such example but there are many more
compl ex demand model s

examples of
projectso or

within ot her

transport

whii ch

Alternatively, the matrix manipulation facilities within MX may also be used to
carry out the basic matrix-based operations of demand models.

Such procedures may be said to embed the assignment within an iterative

external VDM

Aishel | &Figuees.8.i | | ustrated

Figure 7.8 1 Schematic of a VDM-Shell

Assignment
(Supply) Model

bel ow

Trip Matrix(ces)

Cost Matrix(ces)

Demand Model

Thus the demand model generates a trip matrix (or matrices) based 1 in parti on
the cost matrix (or matrices) output by the assignment while the assignment or
supply model uses the matrix/matrices input from the demand model. (N.B. For
generality we refer here to cost matrices as output from the assignment to allow
for the possibility that, as discussed in Section 7.8.6, the demand model may
require several distinct matrices of, e.g., time and distance rather than just a
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7.45.2

single minimum cost O-D matrix. Similarly we talk about trip matrices to allow for,
e.g., separate public transport assignment)

The implied iterative process is very similar to other processes within SATURN, in
particular the loop between the assignment and simulation sub-modules as
illustrated in Fig 9.1. To avoid confusion as to which set of iterations we are talking

about we shall refer to supply-d e ma n d Afcycl eso as opposed

simulation Al-Wobkceée AndeFath&nso within

The basic concept of an equilibrium between supply and demand models as
described in 7.4.1 still holds in Fig 7.8: the demand trip matrices generated by the
cost matrices must, when assigned, generate the identical cost matrices. However
the methods to achieve that equilibrium may need to be more empirical than the
algorithms used within SATURN, primarily since an equivalent objective function
formulation no longer applies. (But see reference 13 in Appendix C, Bates et al
(1999), for a discussion of situations where objective functions may be extended
to include more complex demand formulations.)

External VDM Cobweb Algorithms

Within Fig. 7.8 there are clearly options as to how the trip matrices passed from
the demand model to the assignment model are created. Thus it is possible for
users to set up their own versions of cobweb iterations (damped or otherwise) to
define the latest trip matrices.

We have already described two very common

an

a

f

t he straightforward Alalver &g i5n ganme tthhoed 0 i mwehte

successi ve avVvkxlhngsesaso W2RE There are, however, several
alternative strategies which have been proposed over the years, the objective of
all of them being to achieve an acceptable degree of equilibrium in the shortest
possible time.

Thus the simplest method is not to damp the cobweb iterations at all so that, in
effect, | = 1.0. Empirically this method appears to be most successful if the
demand model is relatively insensitive to assignment costs (low elasticity).

DI ADEM uses a method known as fAAl gamit hm

initial arbitrary value of | , e.g., 0.5, and continues with the same value as long as
an fAobjective functiono (a measure of
however, the gap increases the value of | is halved until a decrease in the gap is
obtained. For further details we refer you to the DIADEM Manual. The
convergence properties of Algorithm 1 with realistic demand and supply models is

a subject of some debate but there is evidence that beyond a certain point it tends
to Asticko.

Another techni que is the fAFixed Step Lengtho
name suggests, an initial value is set for | and that value fixed throughout all
supply-demand iterations. Thus the averaging method where | = 0.5 and the pure
cobweb where | = 1.0 are both examples of FSL. It has been shown by Hillel
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BarGera and Dave Boyce (Solving a non-convex combined travel forecasting
model by the Method of Successive Averages with constant step sizes,
Transportation Research Part B, 40, 5, 351-367, (2006).) that FSL is guaranteed
to converge as long as a small enough value of | is set.

Empirical work by DVV has suggested a formulal =1.0/ (1.0 + 5) where 5 is a
global measure of elasticity in the demand model.

7.45.3 Reducing CPUtime: i Re | aSA€ALLoConvergence Criteria

One of the problems associated with external VDM models as opposed to
combined assignment-demand models based on minimising an objective function
is that the extra series of cycles between the demand model and the assignment
model inevitably leads to increased CPU time, generally T but not always i due to
the time taken by the assignment model.

One obvious answer to this problem is to minimise the number of external cycles
by designing a ficleverd cobweb algorithm bu
of SATURN.

An alternative strategy to reduce total CPU time, which does involve SATURN, is
to recognise that there is very little point carrying out a very highly convergent and
accurate assignment within SATALL using a particular trip matrix if that trip matrix
is going to be significantly altered by the next cycle of the demand model. This
suggests that one should try to set easy (relaxed) assignment convergence
criteria for early loops of the demand-supply cycle but to tighten the convergence
criteria for the assignment as the overall convergence improves. (The same basic
idea is applied to the simulation-assignment loops within SATALL by using the
AUTONA option to set variable values of NITA dependent upon the overall gap
value; see Section 9.5.4).

Thus parameters such as MASL, ISTOP etc. etc. which control the overall
assignment-simulation convergence of a run of SATALL may need to be reset by

the cobweb Adriver 0 SATURb,asihdeed may paametets r un o f
such as NITA which control the convergence of the assignment. There may be a

good case here for using KONSTP = 1 and setting a critical Gap value in STPGAP

as determined by the latest gap value achieved by the demand model.

The decision as to which parameters and how
the user, being essentially external to SATURN. In terms of afimec hani smo f o
inputting those values into a new run of SATURN there are several possibilities.

For example, they could defined within a $INCLUDE file within &PARAM which

the controlling program could overwrite. Equally they could be set in a control file

for SATALL.

In a similar vein it may be possible to simplify each intermediate run of SATALL
by excluding certain options that are only required once the final trip matrix has
been obtained. For example, the SAVEIT option may only be necessary on the
final run (unless 1 see below i you are using WSTART).
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7.4.5.4

7.4.6

Clearly best practice will only become clearer after considerable experimentation.
One example of such experimentation is the CASSINI program described in
15.54.

Using UPDATE and WSTART with VDM

One should also note that making the maximum use of facilities such as update
and warm starts at every re-run of a SATURN assignment is strongly
recommended in order to reduce run times, particularly when changes in the trip
matrix from one external cycle to the next are relatively small. See sections 22.5.5
and 22.6.

However we strongly advise that warm starts should only be undertaken in
conjunction with OBA due to the extra overheads incurred by Frank-Wolfe to carry
out the extra SAVEIT assignment at the end of one cycle and the initial re-
assignment at the start of the next assignment cycle.

The Final Trip Matrix and Routes

At the end of a variable demand assignment a final estimate of the road trip matrix
T;; will have been obtained and assigned to give link flows V, The link flows are
stored on the output .ufs file in the normal way and the trip matrix is output as a
separate .ufm file (see 7.12.1 and 7.12.3). The total number of trips within that
matrix are reported both within the Ip files and also saved within the output .ufs file
where they may be printed via SATLOOK output options (11.11.4 and 17.9).

With respect to the output trip O-D file we note that any intra-zonal trips in the
input trip matrix are neither assigned nor subject to demand calculations.
Essentially therefore their output values are indeterminate. However, in order to
avoid losing them entirely, the input intra-zonal values are (post SATURN 10.4)
copied directly to the output trip matrix file. Similar considerations may also apply
to inter-zonal cells which, for one reason or another, are unconnected; see 7.5.7.

Unlike the normal fixed trip matrix procedures, elastic assignment does not (for
various technical reasons) record any information on the precise routes used to
relate V, to T; as normally saved if SAVEIT =T.

However, in the case of VDM/elastic assignments, the routes may be estimated
by carrying out a final fixed trip matrix assignment using standard algorithms and
recording the routes used via a .ufc file (see 15.23). It is these routes and the
output trip matrix T; which will be used in any post-assignment analyses, e.g.
select link analysis (11.8.1).

We may further note, as discussed further in 15.23, that the routes found in this
manner will not be 100% identical to those implied by the original elastic
assignment, nor equally will the flows produced in the final assignment be
identical to V, (although a very good approximation). It is therefore the V,
obtained from the elastic assignment
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7.4.7

7.5

7.5.1

Finally we note, as also mentioned in 15.23, that the number of assignment
iterations used to calculate the final routes, strictly speaking NITA_S, may be
different from the number used in the assignments proper, NITA. Thus, and in
particular if you have set a relatively small value of NITA in order to reduce overall
cpu time, a better estimate of the final routes should be obtained by defining
NITA_S > NITA.

Further Recommended Reading

The notes given in this manual are not intended as a fully comprehensive guide to
either simple or variable demand modelling and users who wish to carry out such
modelling steps are strongly advised to read more widely. For general information

see, for exampl e, AModel ling Transporto by
John Wiley and Sons. For a much more detailed analysis with particular
reference t o l ogit model s try Nor bert Op |
Model lingd, also John Wi ley and Sons.

UK-based modellers may wish to refer to advice available on-line via WebTAG:
www.dft.gov.uk/webtag.

SDM Assignhment:

General Principles

We consider here the restricted or simple form of variable demand assignment, to

be referred to as el asrethendmberof (VBHENK) trpps si g n me
from origin i to destination | is a O6deman
time) of (vehicle) travel between i and j only; hence:

Equation 7.11
T =1(g)

This demand form corresponds most closely with a modal split model whereby ij
trips are selecting either road or public transport modes but the destination is
fixed. However, it could also be thought of as representing the decision as to
when to travel (departure time choice), whether to travel or not (frequency) or
whether to go as a passenger (occupancy). It does not, for example, fit into a
model of trip distribution where the choice of whether to travel from i to j is a
function of the costs to ALL destinations.

A Atypical o example of a demand function
where the ratio of costs is raised to an "elasticity" parameter p:

T, =T /)" @

Note that when c; = ¢;° then T; = T;°, hence T;,° may be interpreted as the
expected number of trips if the costs are c¢;°. Generally ¢;° would be taken as
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equal to current (minimum as opposeq to Af
could be a growthed up version of the current trip matrix; see 7.8.

INCREMENTAL VRS SHARE MODELS

Equation (7.11a) may al so be described as i
(T ijo, ci,-°) may be thought of as, say, the present-day or base year situation and

incremental changes in T; away from Ti,-O are generated by incremental changes in

cj away from cijo. (Although the same equation might arise from a quite different
interpretation).

Other forms of demand equations within the general form of (7.11) may be better
described as fi s h ehe eldssicah dtoditenrhode] of enodg choice
between road and public transport may be written:

T, =T exp( b6 ) (exp( 4 ) exp( ) ()

where Ti,-A represents the total number of trips from i to j choosing between car
travel - cost ¢;- and (fixed) public transport - cost ;"'

Slightly different algorithmic approaches are adopted within SATURN for
incremental and shared elastic models although the underlying basic principles
are the same. The two forms of demand models have different ranges of MCGILL
values: 1 - 4 for incremental, 10 and above for shared.

It must also be stressed that the choice of incremental vrs shared is very often a
guestion of convenience rather than implying fundamental differences. For
example the same logit model may be expressed as either an incremental or a
share model - the choice would be based on which method is most compatible
with the form of data provided; a method for converting between the two is
described in section 7.8.2.

On the other hand other forms of SDM models such as the constant elasticity
model - equation (7.30b) - are more difficult to interpret as share models since
there is no natural upper limit on the total number of trips; Tj goes to infinity as
costs go towards zero.

FURTHER PROPERTIES

Other functional forms and/or interpretations are of course possible; see Section
7.7.1. In particular, see 7.5.5, it is possible to subdivide the cells in the matrix into
those that obey the elastic demand equation and those that are fixed independent
of the cost. The lattercellsar e t er med ei ther Ainelasticod ol

As mentioned in 7.4 the problem in elastic equilibrium assignment is to determine
both a self-consistent set of route choices and demand choices.

Elastic assignment is of most use in the assessment of future year networks
where, say, a simple extrapolation of the current trip matrix leads to an extremely
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congested network with extremely high travel costs. Elastic assignment provides
a method for keeping the trip matrix - the demand - within behaviourally realistic
limits.

The elastic assignment algorithms within SATURN were developed as a joint
project between the Institute for Transport Studies and WS Atkins, funded by DTp
and administered by TRL. The reports produced for this study provide a
comprehensive review of theory, algorithms and applications; copies are available
from DVV.

7.5.2 Solution Algorithms

This section describes the specific algorithms used by the SATURN programs
SATEASY and SATALL. Both incremental and share models are based on the
general principle of minimising an objective function as outlined in Section 7.4.2
and the iterative structure of 7.4.3. The precise details differ slightly between both;
see 7.5.4.

7.5.2.1 Excess Trip (Pseudo Link) Algorithms

For incremental model s itsessepdi ablFwpufatl o
one or two new wrinkles introduced. Thus for every ij pair in the network an
additional Apseudod link is introduced i n

the road network. This is illustrated in Figure 7.8.

Figure79-The APseudo Linko Representation of EI

! Pseudo Link

Road Network

(o)
A J
—

For each origin-destination pair ij the maximum number of trips that might possibly

use the road network, T;", is calculated (see 7.5.3.1). These trips may then

choose either to travel through the "real" network or viatheij-speci fi ¢ fApseu
link. We denote these flows by T; and E; respectively. Hence T; will become the

"actual" road trip matrix (although, in the algorithms used by SATURN, Tj is not

explicitly stored but may be calculated, when needed, as T;"** - Ej;).

Each pseudo link has a cost associated with it which depends on the flow
assigned to it, hence a pseudo cost-flow curve whose form is derived
mathematically from the inverse of the ij demand function.
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7.5.2.2

The algorithm then, in effect, follows the Frank-Wolfe approach as with traditional

equilibrium assignment but with an extende
T;". As with simple equilibrium models it works by minimi si ng an fAobj ec
functionodo which is calculated as the sum o

road network plus an extra contribution from the pseudo links; see 7.7.4.

It should be stressed that the pseudo links are only artefacts introduced by the

algorithm in order to solve the problem systematically; they have no precise
physical interpretation. They may al so be
principle function is to define the number of trips on the road network (which

perversely they do by storing the number of trips which do not travel!)

Share Model Algorithms

For fishareo models such as the |l ogit model
used whereby a total ij trip matrix TijA covering all possible choices is defined and
the demand for road travel Tji s st ored more explicitly. A

may be seen more as a fAhyper net wor ko prob
element may be represented by a component in series with the road network as

opposed to the pseudo-link representation where the added link is in parallel.

This is illustrated in Figure 7.9 where a contribution to an overall objection function

is calculated at point D and which depends on the share of a total demand T;*

which chooses to use the road network Tj;.

Figure 7.10-Secti on of a fAhyper networko for fAshare

7.5.2.3

i > *O ]

Note that T;* as used in the share model and T;™ as used in the pseudo-link
model are not the same thing; T represents all possible ij trips including, e.g., all
modes whereas T;"® represents the maximum number by road. See Figure 7.10.

Notation

The notation adopted is as follows:

a road link

Ca cost on link a

Cj minimum cost from i to j via the road network

cijo a fNreefcen cost from i t o | via the roac
cost

ci”™ ¢ assuming free flow costs (hence a minimum cost)

dj fificostdo on an excess |link i]j
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fExcesso or fAiPseudoo flow from i
Excess flow from i to j (auxiliary solution)

elastic demand function expressing trips as a function of costs

Tij = fi (ci)

the inverse of f:

ci = 9i(Ty)

pseudo link connecting origin i to destination j

road trips from i to j

i nput Areferenceodo tri pdfonatibr i X as

maxi mum possible trips from i t
assigned

flow on link a (averaged)

flow on link a (auxiliary solution)

7.5.2.4 The Basic Pseudo Link Algorithm

(0]

t

used

j

h

We describe here the Apseuitbaincrdmenakatastial gor it
demand models explicitly. The variations necessary to deal with share models
are given in 7.5.4.

Step 1

la)

1b)

1c)

1d)

le)

Set all link costs to their free flow values and the iteration counter n = 1.
For each origin i:

Calculate the minimum cost tree to each destination j; ci,-FF represents
the minimum cost to j.

For each destination j determine the maximum number of road trips
possible for that ij pair by solving:

Equation 7.12
max — FF
T =15(¢7)
Determine the number of trips to be loaded onto the road network:
T(l)

ij

Load Ti,-(l) onto the road network, accumulating the total link flows to
obtain the first set of road flows, V,®.

6Loadod6 thwe excess flo

@ — Tmax T
0= g

5073429 / Feb 09
10_09_24 Section 7.doc

7-37



SATURN MANUAL (v10.8)

_ SATURN
Assignment i The Role of SATEASY / SATALL —
onto the excess link
ITERATIVE LOOPS
Step2 Calcul ate the O6currenté |Ilink and pseudc

Equation 7.13
c’ =c, (L") (a)

di” =g (T™ -E™) (b)

Step 3 For each origin i:

3a) Calculate the minimum cost tree to each destination j - costs ci,-‘”’.

3b)  Calculate and load the auxiliary road trips for this iteration: T.™"to

ij
obtain link flows W™

3c) and load the remaining flow

+1) — H
Fij(n ) _'Ejmax :E (n 4)
onto the pseudo link

Step4. Combine the previous O0solutioné fl ows
Step 3 according to the equations:

Equation 7.14
V"=V A (@

.(n+1) — (1 _/ )El(n) 'Vﬁ(n 1) (b)

]
where | is chosen to minimise the objective function Z(l ).

Step 5. Check for convergence; if not reached increment the iteration counter
and return to Step 2; else, stop.
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7.5.3 Variations on the Basic Pseudo Link Algorithm

Each note refers to a particular step, or sub-step, in the algorithm 7.5.2.2:

7.5.3.1 The Maximum Number of ij Trips; 1b)

Ti™™ represents the maximum possible number of ij trips which will use the road
network and, from this point on, the algorithm may be viewed as a standard
assignment of a fixed trip matrix - T;"* - to a network which includes an extra
Aipseudod I ink for each i]j pair.

Since Tj is a decreasing function of c;, and the costs can never be less than their

free flow values ¢;™" (assuming non-decreasing cost-flow curves) f; (¢;™") with ¢;™"
= ¢~ must be an upper bound.
By fimaxi mumo we refer specifically to the

ever occur on the road, not to be confused with the maximum number of trips
over all modes, say, or the intercept of the demand curve with the c=0 vertical
axis. The different definitions of trips are illustrated in Figure 7.10 following
equation (7.11b), the logit model. The x-axis represents the cost of travel by road
such that when the cost by road equals the cost by public transport (including any
modal-specific constants) then the road demand equals half the total demand.

Figure 7.11 - A logit demand curve with critical points noted

T.. A

[
L

If, as illustrated, the free flow road costs are less than the public transport costs
then T;"* will be somewhere intermediate between 'I'ijA [2and T if ¢ > ¢;"

then ;"™ < TijA /2. (Clearly the former will be more likely in practice.)
T;"* is basically an artificial value designed to keep the total number of trips within

the algorithm within realistic bounds and to limit the absolute values of the
resultant objective functions.

In theory one might be able to devise even lower bounds on Tj if we could predict
in advance the lowest values that c; would take during the course of the algorithm.
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However, since the values of c; are themselves related to T;{"® there does not
appear to be an easy solution. Possibly an area for further research.

7.5.3.2  The Initial Trip Matrix: REDMEN and FRED; 1c)

Under the strict application of standard Frank-Wo | f e t he fizerotho iter
fixed trip matrix T;"* all-or-nothing onto either the pseudo ij link or the minimum
cost ij path. Hence:

TO =™, E,(l) 23] or vice-versa

However, al | that 1is really required is the
all the trips in T;"* be loaded onto either the pseudo links or the real network.

Hence, i f we already jhoavof ;amihtaitowT befiaid, more

importantly, a good idea therefore of the number of trips E; = T;"* - T to be

eventually assigned to the pseudo links - we could start by assigning our

estimatesof TjandEjont o t he mini mum cost paths in th
the pseudo links respectively.

Empirically it appears that a fAsplitd assi
improved overall convergence and it is therefore always used. The choice of Tij(l)
may be made in two ways:

8§ If REDMEN = T then it is taken from an input trip matrix which represents a
prior estimate of Ty, for example from a previous assignment. The estimated
trip matrix may be defined by the Namelist parameter FILRED under
&PARAM in the network .dat file.

§ Otherwise (for incremental models only) it is set from the equation:
T =T°.FRED

where T°r epresents the 6inelasticdé or oOreferenc
function - see 7.7.1, equations (7.30a) to (7.30d).

If REDMEN = T it must be stressed that the input trip matrix (FILRED) need only
be an estimate but that the closer it is to the eventual output trip matrix, the better.
Equally if it is a very poor estimate there must come a point where using this
option turns out to be counter-productive. However, to date we have no empirical
evidence to suggest where the cut off point comes. Note that, in this context,
REDMEN may be regarded as a form of #Akick s

N.B. See 7.5.6 for advice on using the REDMEN option in conjunction with
Afrozeno cells (I CING = T).

If REDMEN = F then FRED is a uniform factor chosen to estimate the expected
growth or reduction (but usually the latter) in the final trip matrix relative to the

5073429 / Feb 09 7-40
10_09_24 Section 7.doc



SATURN MANUAL (v10.8)

Assignment i The Role of SATEASY / SATALL

SATURN

7.5.3.3

7.5.3.4

inelastic trip matrix. For example if you think elastic effects remove 5% of the trips
in Toij from the network then set FRED = 0.95. The default value of FRED is 1.0.

N.B. FRED is applied to incremental models only (MCGILL < 10).

Our advice would be, if feasible, to set REDMEN = T and to define an input matrix
FILRED; FRED would be a second choice.

Pseudo Link Costs; 2)

The calculation of the link costs c, follows the standard formulae as determined by
the flow-delay curves (user-set for buffer link, simulated for simulation turns) while
the pseudo link costs are related to the definition of the elastic demand function.
The functional forms for the 4 equations as used in SATURN are given in 7.7.3.

Note the pseudo link costs, as with all other costs used within elastic assignment,
are generalised costs and that furthermore they are expressed in units of
generalised time seconds.

The Iterative Road Trip Matrix: NITA_F and MASL_F; 3b)

Similar considerations to those given
interpretation of Frank-Wolfe rules would lead to an all-or-nothing situation:

Equation 7.15

i )
o
5 (m) 34(n)

F(n4) _?0 G o
i _A max n n
[Tij QJ( )aq( )

Hence the maximum number of trips are assigned to either the pseudo link or to
the road network minimum cost route.

However, the pseudo/road split may be substantially relaxed by recognising that
the underlying principle of Frank-Wolfe is to increase the flow on the current
cheapest route. Hence, if the pseudo route is currently cheapest, i.e.,

Equation 7.16

(n) (n)
G =G (a)

then we require more trips on the pseudo link:
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and fewer trips on the network proper:
(n+1) Q)
Tij "< -II-J " (c)

with the converse being true if the pseudo route is more expensive.

We can in fact guarantee that this condition is satisfied by setting

T =5 (d)

ij
i.e. set the road trips equal to the equilibrium demand corresponding to the current
minimum road costs. Thus:
(n+l) — T max n 4)
Fij _-I?j '-E (e)
That equation (7.16d) guarantees (7.16¢) may be seen by reference to the fact

that by definition the current road trips Tij(”) and the current pseudo link costs are
Ain equilibsdthetmd i n the sen

T =1 (d™) (f)

Thus, since Tj is a decreasing function of ¢;, (7.16¢) must hold if (7.16a) holds.

Two further parameters, NITA_F and MASL_ F , extend the concept
initial estimate of the trip matrix by retaining:

n — 1@
=T

(i)  for assignment iterations n = 1 up to and including NITA_F.

(i) for all assignment iterations for assignment-simulation loops 1 through
MASL_F.

Both options are still experimental but early indications are that a judicious choice
of one or both variables may improve convergence rates. By default neither
option is invoked although we would recommend their judicious use..

OPTIMUM STEP LENGTH; 4)

In order to choose the optimum value of | one may either use a routine which
explicitly minimises Z as a one-dimensional function of | or - much more
convenienty-one may use a routine to find the #fr

Equation 7.17

424/ =0
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7.5.5

(The identical 2 options occur with the Frank-Wolfe inelastic assignment
algorithm). The equation for the derivative of Z with respect to | may be written:

Equation 7.18

dZ . +1 n " nt n
o TACKHMWT ) EAHE E)

where:

a.(/)=c(@- M) ) (@

And
d;(/)=d @ - )F’ "'%(nﬂ) (b)

Functional forms for d; ( ) are given in 7.7.3; c, ( ) are the cost-flow curves as
defined by the user (or calculated by the simulation) for links in the road network.

Variations under Shared Demand Algorithms

The main difference between the algorithm used for incremental and share-based
demand functions is that the former explicitly defines pseudo links and pseudo link
flows which, in effect, define the current road trip matrix by subtraction from T;™
whereas, with share-based functions, the road trip matrix and any other trip
matrices involved are stored directly.

In both cases the trip matrices assigned to the roads at iteration n corresponds to
the matrix consistent with the current o-d costs - equation (7.16d). The optimum
lambda value at each step follows the same principle of minimising an objective
function. Whereas the pseudo-link flows are averaged, equation (7.14b), the
share algorithms average trip matrices directly.

The parameters REDMEN, NITA_F, MASL_F, etc. described in 7.5.3.2 and
7.5.3.4 apply to both approaches. On the other hand FRED applies only to
incremental demand models.

Convergence Measures and Stopping Criteria

Convergence of the elastic algorithm may be monitored in precisely the same
manner as with the inelastic Frank-Wolfe (with the obvious proviso that any
summations over links must also include pseudo links). In addition a number of
other measures may be formulated which refer more specifically to either road or
pseudo links.

The order of the parameters, and their abbreviations, given below corresponds to
the columns in the elastic summary tables.
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8§ The fAnormalised gap or delta functiono
Wardrop Equilibrium and here extended to include pseudo links. The gap G is
the difference between current and minimum costs BEFORE division by the
total cost; DELTA is normalised by dividing by total cost.

8 The wuncertainty in d@&@he A&E®PSO&ctiinvet hfeunlcR i to
equation (7.5), 7.1.5.

§ The objective function Z (including pseudo links).
8§ FDZ, the percentage improvement in Z per iteration relative to Z.

8 FIMP, the % improvement in Z relative to the uncertainty in the objective
function.

8 Total road/pseudo trips

8 A necessary condition for convergence is that the total number of trips on the
ireal o network and the total number on t
values - although clearly this is not a sufficient condition since changes in
individual ij values may be masked by an apparent stability of the total.

8 DELTA-R, the delta function as evaluated only for trips through the real
network and therefore a measure of how near the current path flows are to
Wardrop Equilibrium (and therefore ignoring how near they are to demand
equilibrium).

8 TIJ-AAD - the average absolute difference between the current road trips and
the number given by the demand function for the current costs, i.e.:

Equation 7.19
am- f @)

§ This is normalised by dividing by the total number of trips and expressed as a
percentage. It therefore monitors fAdeman

§ TIJ-AD - as 8) but with actual differences, not absolute differences.

8§ TxCij-AAD i as 8) but with each ij element weighted by its cost and then
normalised by the total vehicle-costs. (N.B. This is the equivalent of the
A%Gapo as us e d-supplyequhibeatioth progeam BIADEM.)

§ Total travel cost over the real road network expressed in veh-hrs.

At convergence measures 1), 2), 4), 5), 7), 8), 9) and 10) should all tend to zero.
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Stopping criteria are based on the same criteria as those for Wardrop Equilibrium
with a fixed trip matrix as listed in 7.1.5. Thus the user-set parameters NITA,
XFSTOP, FISTOP and UNCRTS all apply.

Note that all these convergence measures are internal to the assignment; i.e.,
they do not take into account any changes in costs introduced by the assignment-
simulation loops as within SATALL. For convergence of the loops please refer to
Section 9.9.1.

It is noted that to achieve satisfactory convergence of an elastic assignment often
requires many more iterations than an inelastic one; rather higher values of NITA
may therefore need to be used.

7.5.6 Frozen or Inelastic Trip Cells

A common problem in elastic assignment is that, if the network has been
6cordoneddé at its outer boundaries, the 0e>»
cordon points will experience large proportions of their actual travel costs outside

the network being modelled. This creates problems in using a single demand

function for both internal and external trips. One solution is to divide the matrix up

into two or more Ouser classesd6 and defin
parameters for each; see 7.9.

A simpler solution is to fAfreeepgeéextemartain
trips, such that for those cells the trips are fixed according to:

— 710
=T

and are therefore, in effect, inelastic.

Frozen trips are defined by an input .ufm matrix where a cell value of 0 implies
that that cell is inelastic or frozen and any non-zero value (1.0 recommended)
implies that it is elastic.

N.B.In former versions of the documentation the definition of frozen/unfrozen cell

values waswrongand the O06s and 16s were reversed.
areusingan Aol do matrix to set frozen zones th
used.

To invoke the frozen cells option you must (a) set the parameter ICING to true and
(b) define the frozen cell matrix (FILICE - see 7.12.3). Both may be most
conventionally done using &PARAM namelist input in the network .dat file.

Alternatively (and this is not highly recommended) the frozen cell matrix may be
set using the FREEZE option in the SATALL batch file (9.13). If both FILICE and
FREEZE are used (definitely not recommended!) then the file set by FREEZE
takes precedence.
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If there are multiple user classes (NOMADS > 1) then the frozen cell matrix must
have the same stacking levels as all the other matrices, i.e., the parametric trip
matrix FILTIJ, the cost matrix FILCIJ, etc. etc.

We note that the frozen cell option may be applied to both incremental and
shared demand models, although in the latter case we recommend caution. Thus
in a shared model the output cell value Tj is set equal to the input trip matrix value
T, for frozen cells whereas for the un-frozen cells T°i s fAshar edod
output lyand the Aot her c‘)ijo potentiallychasstwo rdbes h caetripg
and total trips - and it may be easy for the user to confuse the two. An alternative
approach may be to use a multiple user class approach where the two roles are
explicitly differentiated.

By contrast in an incremental model T°shoul d represent a
for car trips such that freezing them at that value should not present conceptual
problems.

USING REDMEN AND ICING TOGETHER

If both the REDMEN (prior estimate of a trip matrix) and ICING options are used
simultaneously then, logically, the cell values set in the input prior matrix should
equal the values which will be set as fixed for the frozen cells; i.e., Ti,-R = Ti,-o .
Problems occur if the two values differ, in which case SATALL uses the frozen
values in preference to the prior estimates and prints statistics of the absolute
differences between the two.

N.B. This potential problem was not spotted prior to release 10.4.

AFROZENO USERS CLASSE

Note that, with multiple user classes, it may be desired to freeze (i.e., fix) an entire
user class. This could be done (although it is certainly not recommended) using

the ICING option by setting a | | the cells within the

of the frozen matrix for that user class to 0. Alternatively, and much more simply,
one could set the appropriate value of MCGILL to 0O; e.g., MCGILL(2) = O
effectively freezes all trips for user class 2 by defining it as inelastic. See 7.9.

bet we

good

appr

Note that the HAbelt and braceso approach

MCGILL(2) = 0 and defining frozen cells, results in a Serious Warning message in
the .Ipt file but does not otherwise affect the results

Unconnected O-D Cells

It is possible that certain O-D cells will have positive values in the input trip matrix
but no route can be found, for example because the origin zone has no out-bound
centroid connectors or the destination has no in-bounds. Clearly such a situation
is not very realistic but when did realism ever have much to do with the way
networks and/or trip matrices are formulated? The question is what does
SATURN do in such situations.

5073429/ Feb 09

7-46

10_09_24 Section 7.doc



SATURN MANUAL (v10.8)

Assignment i The Role of SATEASY / SATALL

SATURN

7.6

7.6.1

In the case of origins which have (some) trips but no out-bound connectors the
input cell values are simply copied verbatim to the output Tj cells (as are any intra-
zonal cells, see 7.4.6). Clearly, however, such trips are not assigned. Note that
with incremental demand models (MCGILL < 10) this may be a reasonable course
of action; however with share demand models where the input trip matrix
represents, say, trips which are to be divided between road and public transport
this will clearly over-estimate road trips.

In the case where the lack of a connection occurs either at the destination or
somewhere en route there is a difference between incremental and share models.
In the former case the output T; equals the input T; (as above) but in the latter
case (based on the assumption that the O-D road costs are effectively infinite) the
output value of Tj is set equal to zero.

You may wish to quibble with these rules and want it done other ways; the point is
that this situation should never really arise in the first place.

More Complex Elastic Assignment Models

Basic Logit Models

Logit choice models are widely used in transport modelling for a range of
situations, e.g. choice of mode, choice of travel time etc. At its simplest level the
logit model of choice between car and public transport can be represented
diagrammatically in Figure 7.11 and by the equation:

Equation 7.20
T :'Ii'jAexp( -bq;R) /( exp( {g:R) ebqé g T)) (a)
=7/t es{o(q 7)) ®
Figure 7.127 A Simple Logit Model: Choice of 2 Modes
TA

i

Car Public transport

T.F T.FT
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7.6.2

where Ti,-A represents the total number of trips from i to j choosing between road

(R) and public transport (PT), costs ¢;" and ¢;”' r especti vel y. b re|
isensitivityod par amet anpliesthatAravellers are redativaly | v al u
insensitive to the differences in costs bet
implies that they are very sensitive and small changes in costs can lead to large

shifts in mode choice. [ Not emedthmke on n f or n
positive values.]

Not e that , i n principle, either or bot h C (
addition to the Areal d network costs. I n
would consist of a fixed positive cost (independent of ij) to be added to the public
transport costs. I't would al s GATURN, hawe t h al |

units of generalised seconds. See 7.6.5 for a more detailed discussion of cost
definitions.

Logit models of this formdmaynhe themnsi dagrmpé ¢
in SATURN are described further in 7.7.1; see equations (7.30a) and (7.30f)

where T° is equivalent to T#/2 and T* respectively and c° is c¢”"; in both. Two

forms of extended logit model, which may also be represented within SATURN,

are described next.

Multinomial Logit Models

A multinomial logit model extends the choices in the simple logit model to two or
more choices but al | fi at the same | evel 0 a
equation:

Equation 7.21
N
where the choi ces j £é ,fNMndhwe assume, abitasly, that
choice 1 represents car travel.

Figure 7.13 - A Multinomial Logit Model

" A

I
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We further assume that the cost of travel by car is a function of the number of car
trips but that all other choice costs are fixed. Given these assumptions we may
transform equation (7.21) into a form equiyv

¢ o sof afl the other non-car modes 5,— by:

Equation 7.22

expl-66) Ao #) @

N

o

Or In

o

exp( bqj”) (b)

Q*'H
®

n=2

O

so that in equations (7.20) we substitute ¢; for ¢ .

Thus a multinomial logit problem within SATURN may be transformed into a
simple logit model by first transforming the N-1 alternative cost matrices into a
single composite alternative cost matrix. To do so use the FORTRAN equations
options within MX(10.8.1) and apply the methods described in 7.7 with MCGILL =
11.

7.6.3 Nested Logit Models (General)

A nested logit model is one in which a series of choices are made in succession,

the set of available choices at one Al evel o
at the preceding Aupper | evel 0. The genera
Figure 7.13.

Figure 7.14 - A Nested Logit Choice Model

Level 1

Level 2

For example the upper level choice might be one of mode - say, public transport,
car or walk - and the lower choice might be between peak and off-peak. Thus Tj;.
would represent trips by car in the off peak (car = choice 1 in the upper level, off
peak = 2 in the lower level); Tj,; would be public transport in the peak, etc, etc.

The finestedd probability of choosing mode m
at the lower level 2, P, may be written as (dropping the ij subscripts)

Equation 7.23

Pmt = I:)m %
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Where:
P, = probability of choosing mode m
P%n = probability of choosing period t having already picked mode m

Starting at the bottom of the nest, time choice, we may write, as with previous logit
models (7.20) or (7.21):

Equation 7.24
Py :eXp( 'bzcmt) a eXF( -éx:mli)
m tj

However at level 1 - mode choice -we now need tompakdastaéate 0
for the different modes availabbf twhechoar s
the next level down. Thus

Equation 7.25

a..
Cr =( '1//72)'“8& exp( 4K,
t
Equation 7.26
P, =exp( b, ) /a ex( 4t,.)

Note that we use differentb v al ues at t he t w0, asbaciitdde r e n t [
with mode and time respectively. For various theoretical reasons logic dictates
thatb, mustbe lessthanb,, ot her wi se the Aordero of the

Thus starting -wiraveh codtshcg caftulated byomode and time
period, which we use directly at the lowest level, we proceed in stages to higher
levels where the costs used in the choice processes are composites of the costs
further down. If we had a model with three levels of choices, e.g. if car travel in
each time period were further subdivided into car driver/car passenger, then the
same principles of calculating the composite costs at each level from the
(composite) costs at the next level down would still apply.

Att he |l evel of Areal 0 network costs these ma
For example costs of travel by public transport modes are generally assumed to

be independent of the number of passengers per service as well as independent

of the levels of congestion on the road. On the other hand travel costs by road

are generally assumed to be dependent on the number of vehicles on the road -

and hence on the choice process. Models of any level of complexity and

interactivity may of course be constructed and algorithms for their solution

constructed from the basic SATURN building blocks in the same way that a

multinomial logit model (7.6.2) can be transformed into a simple logit model. For

the moment we will concentrate on one very basic form of nested logit model.
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7.6.4 The Basic Nested Logit Model
Consider therefore a model of two | evel s,

periodo but clearly could be anything you w
car/public transport and peak/off-peak. Further assume that we are specifically

concerned with a model of cars in the peak and that the costs of the other three

choices are fixed. This immediately simplifies the model in that the composite

cost for mode choice public transport is also fixed as it is the log sum of fixed

public transport costs in the peak and off peak. Denote car choice by 1, public

transport by 2 and peak/off peak by 1/2.

The choice model is as represented in Figure 7.14 with, and in what follows, the ij
subscripts dropped.

Figure 7.15 - The Basic SATURN Nested Logit Model

“mode”

“time!!

Cy1 Ci2

Costs are indicated as car/peak, cy;, car/off peak, ci,, and (composite) public
transport, c,. The relevant equations are now as follows:
Equation 7.27
G=¢ F Hb,)In(ex( o) exd £))

Equation 7.28

T.=Texp( b,6) (exd{ +4c) exp .&)) (@)
=T/(1 exp(5,(c, e))) (b)
=T -1 ()

Equation 7.29
T.=Texp( bc)/(ex( 4o) exf £)) @
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=T,/(1 +exp(b,(c, e))) (b)
T,=T -T, (©)

7.6.5

Thus ¢, and/or c;- is the composite car cost, T, is the total car trips and Ty, is the
total car trips in the peak period. Given that all the other costs are fixed, as
opposedtociy;whi ch depends on the peak car
elastic demand model for car trips in the peak of the form given by equation
(7.11),ie.Tyui s a functilen afondyfi vari a

NOTATION

In order to minimise the number of parameter names used and to retain some
level of comparability with other forms of demand models (logit or otherwise)
SATURN makes certain compromises in the notation used when dealing with
nested logit models in what follows.

Thus at the lower level we introduce a parameter BETA 2 to represent b, and a

fl ows,

cost matri x fAnamed CKLF lthe g@lterRattivie Coktd gtthet o r epr

second level. No problems there. We do however use c? instead of ¢, to denote
that cost matrix in the equations from now on.

At the upper level we use the name BETA and t he sy mbgpand

denote the alternative cost matri x at t hi

symbol c®. This is in line with the other functions used which only require one
sensitivity par ameter b a n d Apaogies foa any
confusion!

Generalised Cost Definitions: Logit vrs. Assignment

By definition the cost ¢;¥ that is used in the logit models (or, indeed, any other
form of demand model) is the equilibrium O-D cost that is calculated within the
traffic assignment and is therefore based on the definition of cost, as used by the
assignment, i.e., as set by PPM and PPK to weight time and distance. However, it
may happen that the time/distance weights as calibrated by the demand model
may differ or that other components of road costs may need to be included. On
the one hand this may indicate basic inconsistencies in the model, i.e., that drivers
consider the definition of road costs along one route when they are deciding
whether to drive or take the bus but when they get behind the wheel they make
quite different route-choice decisions. On the other there may be rational
explanations.

For example, a logit-based mode choice analysis might indicate that the utility of
car travel increases with increasing distance. In terms of costs, this would imply
that costs decrease with distance, hence that PPK should take a negative value
and that drivers would prefer to use maximum distance routes (not very sensible
in terms of assignment!). However this may also indicate that the disadvantages
of public transport travel are positively correlated with distance in ways that cannot
be explained by other properties of the public transport service, e.g., in-vehicle
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time, fares, etc. In this case the positive utility of distance for car travel is actually
due to a negative utility for public transport and should therefore not be used as a
component of route choice.

The solution in this situation may therefore be to treat the distance component as
fixed within the demand model i which, in the above case, would mean including
a positive distance cost component within the public transport cost matrix i and to
carry out the assignment using pure time (i.e., PPM = 1, PPK = 0). Alternatively, if
it is desired to do the assignment with weighted time and distance but the

Awei ghtso are different in the | ogi t mo d e
complex in that the public transport distance component would have to be
ficorrectedo to allow for the f acdgnmettat t he
would also include a distance component. | leave it to you people to work out the

equations!

Users who are confused at this point should
what youdre doing, donét do it!

It also needs to be stressed that the road costs are always in units of generalised
seconds (or Areal 0 s eanlpassigapmentnandtithateherefaress e o f t
all other cost matrices must be converted into the same units. Equally all beta

values etc. must be in units of inverse (generalised) seconds.

7.7 Elastic Demand Functional Forms

This section lists the alternative demand and other related simple elastic formulae
as specified by the parameter MCGILL. All ij subscripts are dropped below; hence
T refers to Ty, ¢ to ¢, etc. (Note that the default value of MCGILL, i.e., O, defines
an inelastic or fixed trip matrix.)

7.7.1 Elastic Demand Functions

The following equations relate the number of trips T to the (minimum) cost of
travel on the road network c:

Equation 7.30

MCGILL = 1: Logit (Incremental Form)

T =2T°/(1 sext{b(c é’))) )
MCGILL = 2: Power Law or Constant Elasticity

T=T"(c/ ¢)’ (b)
MCGILL = 3: Exponential

T:Toexp( b(c e°)) ©)
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MCGILL = 4: Elastic Exponential
T=T° exp( p( c/@ ])) (d)

MCGILL = 10: Nested Logit (see 7.6.4)
T1:T°/(1 exp( (g é’)))
T:Tl/(l exp( 1, é))) ©

¢ =( 1/b,) |n(exp( ) extf 21;?))
MCGILL = 11: (Shared) Logit (see 7.6.1)

T:TO/(l sexp(b(c e°))) ®

where T°andc®(andc®)areuserspeci fi ed reference’amd O6par a
c®(@ndc’ areuser-speci fied reference or o6parametric
b, bband p are fAelasticityd parameters.

Note that in equations 7.30a to 7.30b if ¢ = c® then T = T°. Hence the point (c°, T%

definitely lies on the demand curve; these demand forms are therefore essentially
fiincremental 0 T®urcoweewl dantdhe(rcef ore be interpr
situati ono®mayb&thaughtdfy als t he #fAinelastico der
costs do not change or if T is independent of ¢ then again T = T°. See 7.8 for

further advice as to how to define T° and c°.

By contrast equations 5 and 6 are fAabsolute

which T°r epresents a total number of trips, fr
on the road network. Thus, typically, T° as used for share models will be larger

than that used by the incremental-e . g. twi ce as big i f the fa
See 7.5.1.

Note therefore that MCGILL = 1 and MCGILL = 11 both effectively represent
exactly the same logit demand model but 1 is expressed in an incremental form
and 11 as a share model. In the latter case the input trip matrix T° would be twice

as big.

N.B. Theaboveequati ons assume that O6énormallyd p w
bpositive. I f the input values have the o6wr
the 6correctdé sign is automatically wused.

See sections 7.12.2 and 7.12.3 for the definitions of the Namelis t finamesodo used
set b, ¢° etc within SATURN.

Box-Cox Transformations
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An alternative form of simple elastic demand model using what is known as a Box-
Cox transformation has been coded into elastic assignment with MCGILL = 5 but
its use is highly experimental. Most of the work was carried out by an MSc student

Pete Kidd in the 19906s for his dissertati

then incorporated by DVV into the code proper. So blame me for any mistakes!

What follows is probably a highly unreliable description of what Box-Cox does
based on faulty memory, Wikipedia and an interpretation of the code.

Basically a Box-Cox transformation is a continuous transformation of a variable x
between, at one extreme, the linear function x and, at the other, log(x). More
precisely we transform ¢ into c¢cb6 via:

Co (c®ai 1) /ac*™(ol)

Where & varies between 0 and 1.0 and in SATURN is defined by the namelist
parameter BETA2

What we do in elastic assignment is to substitute a Box-Cox transformation for the
OD costs ¢ and c° in the logit demand equation 7.30a. If BETA2 = 1 ¢ and c°
remains as is the model remains a pure logit model but if BETA2 =0 ¢ and c° are
transformed into log(c) and log (c®) and mathematically equation 7.30a becomes:

T=2T°/ (1 +c*b/c®*b)
=2T°/ (1 + (c/c®)** b)
In other words T() is now a function of the relative change in costs rather than the
absolute change in costs as per the logit model and therefore much nearer (but
not identical) to the power law or constant elasticity model, equation 7.30b.
Therefore what Box-Cox enables one to do is to move continuously between a
model based on absolute cost changes to relative cost changes. Which, to my
mind, is a major advantage si nc esperacivé

compared costs in an absolute sense, more in a relative sense. But what do |
know? See 7.8.5.1.

Inverse Demand Functions

For every demand function there is an inverse function giving the costs as a
function of the road trips.

Equation 7.31
c=9(T)

1) c=¢ %In((ZTOIT) l) e @)
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2) c=c(T/1)" (b)
3) c=¢ gn(TolT) 2 (c)
4 c=¢ {00/ p)ln(T/ TO) (d)
5) Not available in simple form (e)
6) c=¢ gn((TO/T) 1) o (f)

7.7.3 Pseudo Link Cost-Flow Functions

These relate the cost d on the pseudo link to its flow E (which is itself related to
the flow T on the road network by the equation E = T™ - T). In general terms we
have:

Equation 7.32

d(E):g(Tmax E)

1) d=¢ +g1n((2T°/(Tmax £) 1)- o )
2) d=c((T -B)/ T(’)”p (b)
3) d=¢° gln(T"/(Tmax E)) b ©)
2 d=¢ {c/ p)ln((Tmax g/ T°) (d)
5) Not available in simple form ©

6) d=Cc &n(E/T § (f)

7.7.4 Pseudo Link Objective Functions

The total objective function (7.10) which the elastic algorithm seeks to minimise
may be written as a sum of ¢telinkssj from fAreal

Equation 7.33

z=42(v) +a%(§)
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The functional forms Z,(V,) are as in standard Wardrop Equilibrium assignment.
(See 7.1.1)

The equations for the contribution to Z from an individual ij pair, i.e. Zj(E;), are

given below. To simplify the equations for the incremental models (MCGILL

equals 1 to 4) we shall make use of the flow on the road network, T, as defined by
Equation 7.34

T=T™ -E

) z(E)=¢ERHT H2F T (™) @7 ™ @ @

where h(x) = xlog x
2) z(E):c‘)((TO)']VP)g(Tmf"X)q T B (b)
where q=(p 4)/p
but for p= 4
Z(E)=TIn(T™/ )
3) Z(E)=CE €E ¥>In(T/ ™) W(7 T) & (©)
4 Z(E)=CE{¢/ pgE @ P T T T™n T (d)

For share models the objective functions are calculated directly as functions of T,
the flow on the road network, plus, in the case of the nested logit model, the flow
allocated to the alternative choice at the lower level, denoted by T;, (see equation
(7.29c)). Hence in the latter case T and Ty; are synonymous, and we use T;; by
preference.

5)

Z(TyT,) =Tl +T,& (¥Tog( T/ ) Hoo( T/ Jo, Ted T4 Tod 7 G/ 4

(e)
where  T,=T, 4,
LT

6) z(T)=(T -1)¢ ¢m(TF) (¥ In((* -7 a0 )
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7.7.5

7.7.6

Elasticities

The 6belasticityéd of trip demand with

Equation 7.35
e=(dT/ T)/( dd ¢

where dT represents the change in the number of trips T in response to a change
in costs of dc in c. Since T is a decreasing function of ¢ e must be negative
although it is not uncommon for non-economists to refer to its absolute values (the
reason why SATURN allows positive values of POWER and BETA but converts
them into negative).

With the simple power law function the elasticity is a constant over all ij pairs and
equal to the parameter POWER; with the other functions elasticity is a function of
both T; and c¢; and the following functions apply:

1) e= -bcexp( léc é’)) /(1 exr( (bc 8)—)) (a)

= He(21° F)/21°

2) e=p (b)
3) e= Hc (c)
4) e=pc/ ¢ (d)
5) e=g(T./T) +e e)

where e; and e, are the elasticities in the upper and lower levels respectively and
may be given by equations such as (7.35a) or (7.35f). For the definitions of T,
and T, see section 7.6.4.

6) e= -bcexp( léc 8)) /(1 exp( (bc 6})) ()
= Hc(l F)/IT

The alternative versions of equations (7.35a) and (7.35f) which use trips T (or,
strictly speaking, proportions of trips choosing car travel) in addition to costs are
based on standard results from logit theory and are certainly easier to work with
then those based entirely on costs.

Empirical Elasticities

Elasticities may also be calculated empirically. In SATEASY/ SATALL this is
done (pre-assignment and - see below - post-assignment) by calculating the total
numbers of trips with the cost matrix c;; = cijo and with c; = 1.0lcij°; the difference in
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total number of trips provides a measure of dT in equation (7.35). In the case of
multiple user classes the empirical elasticities may be disaggregated by user
classes (11.11.7). The values are printed within the .Ipt/lpa output files.

In the case of the power law or constant elasticity model (MCGILL = 2) the
empirical elasticity should correctly equal the input value (POWER), in which case
there is very little point in carrying out the calculations. However for other model
forms the relationship between, say, BETA values and the elasticity is not direct
and the empirical values can be a useful guide (see also the final paragraph in this
section).

Note however that for all cases apart from MCGILL = 2 the elasticities are not
constant but depend on the point on the demand curves where the calculations
are made, i.e., on the road costs and/or number of road trips. Ideally one would
probably prefer the elasticities to be calculated using the actual output costs and
trips from the elastic assignment. However the first set of values reported by

SATALL are those that would apply if the costs of travel by road equal ¢ which
are not necessarily all that close to the output costs.

In the case of (most) incremental models those costs are probably fairly close to
the final costs given the manner in which they would have been defined and the
reported elasticities should be good estimates. However for the various forms of

logit choice models (MCGILL = 1, 10 or 11) the costs co may represent costs, say,

by public transport, in which case they ma:
road costs and any elasticity calculated at those costs need to be taken with a

large pinch of salt.

For this reason for MCGILL = 10 or 11 (i.e, shared demand models) the empirical
elasticities are also calculated after the assignment has taken place and using the
minimum ij road costs in place of c0. These elasticities are therefore more realistic
and may differ considerably from those reported pre-assignment. They are also
reported within the Ipt/Ipa files.

It should also be remembered that elasticities vary by od cell (except of course for

the constant elasticity form). Elasticities may, in principle, be calculated cell by cell

using the equation editorinMXbased on the fAcorrectod costs
trip-weighted averages obtained.

In order to detect consistent differences in elasticities by trip length (with logit-
based models elasticities increase with cost; see equation 7.35a) the reported
empirical elasticities are disaggregated by cost bands expressed in terms of
generalised costs in minutes T new in 10.8.20. These are printed within the .LPT
files. Note that the differences, especially with logit models, may be significant and
users may wish to consider this in their choice of: (1) the form of the demand
model and (2) the calibration parameters.

The calculated empirical elasticities are stored within the output .ufs files and may
also be accessed within the network parameters printed by SATLOOK. In the
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7.8

7.8.1

case of MCGILL = 10 or 11 the values stored are those calculated post
assignment as explained above.

We note again that POWER is very closely associated with elasticity (and exactly
equal for MCGILL = 2) and therefore (a) is assigned very similar values of the
order of, say, -0.5, and (b) is unitless. By contrast BETA is only a parameter which
defines elasticity in part and (a) has units of inverse generalised cost and (b) takes
values which bear no direct relationship to the value of the intended elasticities.

If the empirical elasticity is extremely high (in absolute terms), e.g., -10.0, then
SATALL may refuse to run on the grounds that: (a) it may fail due to problems
with numerical underflow or overflow and (b) it is most unlikely that this is what the
user actually wanted to do. The two most common causes of extreme elasticities
(either very high or very low) are: (a) users confusing BETA and POWER and
therefore setting BETA to an appropriate value of POWER or vice-versa, or (b)
defining BETA values in the wrong units (e.g., inverse minutes rather than inverse
seconds).

Defining the Reference Trip and Cost Matrices

The first point to be made is that the choice of a functional form for the demand
function and of the files and parameters necessary to specify it is entirely up to the
user. Elastic assignment is very much a situation where the user must tell the
model/program what to do, not the other way round. The purpose of this section
is therefore purely to offer advice to users who (of course!) know what they want
to do but (naturally!) may be a little uncertain on the way to go about it.

The second point is that the use of a superscript 0 to define T;° and Cijo should not

be taken as implying that theytonece.sg.arald

minimum scenario in year zero. They are parametric or reference matrices used
to define a demand function; in some situations they may be conveniently defined
as a base point, in others not. In certain situations they may also depend on the
scenari o; e. g. a Ado somethingo | and

use S

certain O6s and D6s and hei,-‘hce influence t he

It is also important to remember that cost matrices must be defined as generalised
costs with units of seconds. Care must therefore be exercised when importing
cost matrices (e.g., public transport cost matrices) from other suites of programs.

Their interpretation also differs in some respects between the incremental model
forms (MCGILL = 1 to 4) and the shared forms (MCGILL = 10 or 11); we consider
these separately.

Incremental Models

In general terms the elastic demand function represents a situation where, all
other things being equal, the number of trips is expected to decline when costs
increase although the precise mechanism (change of travel time, change of mode
etc.) is not specified. A common property of all the 4 incremental demand
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functions in these cases is that if the ij costs = coij then the ij flow = TOU; this defines
one point on the demand curve. This is illustrated in Figure 7.15.

Figure7.16-An fAi ncremental 06 demand curve

Costs

Demand d B{C)

Co

A\

T8 Demand
The most obvious example of finding a point on the demand curve is the base
year where the trip matrix is known (by whatever means) and the corresponding
costs are obtained by running SATURN for that base year. Hence T;° is the base
year trip matrix and the reference cost matrix c° is obtained by skimming the
minimum* costs from the base year; e.g run:
SATURN basenet basetij
and

SATCOST basenet basecij

(where the procedure SATCOST is described in section 15.27.7). By implication

i n t he

the point (¢, T also |lies on the fAsupply curveo f

Figure 7.2.

Note that in this situation only the one point on the demand curve (c°, T° can be
observed directly since that is the only point which actually exists; the rest of the
demand curve can only be constructed indirectly by asking questions such as:
i Wh at would happen to denmamn%o.i f Thwd
demand curve for the base year d °(c).

We should also note that although (c°, T° may be the only point that actually
exists it is not necessarily the only point that may be used to define the demand
curve in mathematical terms. Thus with the simple constant elasticity demand
curve (7.11a) we could obtain exactly the same demand curve by replacing T° by

* Note that the costs defined in this way should always be minimum costs as opposed to average
costs as taken over the "forest" of used routes.
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2T and c® by c® 2", Here (c° 2'%, 2T° equally lies on the demand curve and
may be used just as easily to define the curve. In some respects this is a useful
property for a demand curve and one to which we return below (7.8.5).

For certain types of scenario tests we only need to have the base year demand
curve. For example if you need to know the effect of implementing road tolls or
changing traffic signals now (which effectively alter the supply curve) then you
require the new equilibrium point between the new supply curve and the existing
demand curve. Thus, Figure 7.16, if we shift the supply curve from S1 to S2 we
change the equilibrium point from (T.*, C;*) to (T,*, Cy*)

Figure 7.17 - New Supply Curves: A New Equilibrium

Costs 4

(T,%.C,")

» Demand

Ll

In this case (since S2 is above S1 implying higher costs) we have both increased
the equilibrium costs (C,* > C;*) and decreased the demand for trips (T,* < T,*).
Note that had we modelled the new scenario with fixed trips we would have
wound up at the equilibrium (T*, C,") which would imply higher costs than in the
Acorrectodo equilibrium state.

FUTURE YEARS

For future years the demand curve must also allow for exogenous growth, e.g
through increased housing, employment or car ownership via growth factors which
implicitly assume that travel costs do not change. Thus we might predict a
uniform 10% growth in the trip matrix by some future year if there is no change in
congestion. We may therefore construct a future year demand curve d™(c ) from
the base year demand curve d®(c) by simply applying a factor of 1.1 to all demand
values on the curve. See Fig. 7.17. Thus the point (c°, 1.1T°) should definitely lie
on the new demand curve.
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Figure 7.18 - Base Year and Future Year Demand Curves (d® and df) plus Alternative

Supply Curves S1 and S2.

Costs

CO

TO 1.1T?

However, this is not to say that the point (c°, 1.1T° is a valid forecast of some
future scenario since it does not take into account the extra congestion generated
by the extra 10% traffic demand which will alter the costs. It simply says that if the
costs remain as they are in the base year then trips will grow by 10%. Elastic
assignment introduces the effect of added congestion.

Thus in Figure 7.17 if point A - (c°, T°) - represents the base year equilibrium point
E represents the future year scenario - (c°, 1.1T°) - if costs remain fixed. However
if the network continues to operate according to supply curve S; we would wind up
at point B in the future year with: (a) higher costs than c® and (b) fewer trips than
1.1T°. In this case the elasticity effects are suppressing trips.

Equally if we consider alternative network scenarios as represented by supply
curve S, in Figure 7.17 then the future year equilibrium would be represented by
point D - in this case fewer trips and increased costs relative to point B.

Note therefore that points E, B and D all lie on the future year demand curve and
that all three represent equally valid forecasts of future year traffic levels given
certain assumptions about what the costs will be.

To define the future year demand curve using as input a reference cost matrix and
a reference trip matrix you are recommended to use the base year cost matrix c°
for the future year as well but the future year reference trip matrix would be the
base year matrix factored by 1.1; use MX to do this. (The alternative use of
GONZO = 1.10 is feasible but not recommended since if you start to compare
future year elastic and inelastic trip matrices it can be very confusing trying to
remember whether they include a GONZO factor or not).
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7.8.2 Base Year Logit Models

Another, more explicit, application of SDM elastic assessment is to model modal
split, e.g via a logit equation of the form:

T, =T exp( 4¢°) /(exp( #°)  exp i{ﬁT)) (a)
T 1+ exp(b(d -¢7)) (b)

where the superscripts R and PT represent road and public transport and T;*
represents the total number of ij trips. See 7.6.1. As noted in 7.5.1 the public
transport costs could include a (positive) perceived modal penalty.

Logit models may be represented either in an incremental or shared form - and in
some respects thel atter formul ati on, di scussed in 7
following considers it primarily in the incremental form (MCGILL = 1).

Comparing equation (7.20b) with the incremental logit equation (7.30a) it can be
seen that ¢’ is equivalent to c¢”" and TijA to 2T°. Hence in this case the reference
trip matrix refers to public transport costs and would need to be obtained from a
public transport assignment program such as SATCHMO. Equally we would need
to define Toij = TAij/2.

Note that in this case the necessary reference matrices Ti,-o and cijo should

certainly not be interpreted as a base point for road traffic since they do not
correspond to any fAreal 06 obser ve-gxepanl ues of
the most unlikely case of all road costs being identical to public transport costs

and the modal split therefore being 50:50.

However, in the event that we know the base-year road trip matrix and road costs,

which we will denote by T° and ¢, and we know the total number of trips T (e.g. if

weknow the fshareo of road trips) then we ¢
transport cost matrix ¢c”" = c° by the matrix transformation (e.g., use MX):

Equation 7.36
c=¢ {Ub)n((T" )/ T)

The logit demand curve is sketched in Figure 7.18 where both the base year point
(c®, T% and the reference point (c°, T°) lie on the curve. Note that to specify the
precise form of this demand function a single point on the function (plus a value
for b) is not enough, we need extra information to specify TA.
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Figure 7.19 - A (base-year) logit demand curve
Trips‘I
TA

Tb

TO

¢t cost

The extra information might be obtained totally exogenously through a knowledge
of t he TS hea the shareaof car trips in the base year for each ij cell. In
these cases, s Atand TWia théibase yem weccan obtain the
required matrix c® by matrix manipulation. Note that, if the share of car trips is
greater than 50% (poor public transport competition), then c® > c®; but if the share
is less than 50% (strong competition) then c® < c”. Indeed, if the car share is very
small then c® may go negative and some care may need to be taken that the cost
matrix is not constrained to non-negative values.

On the other hand it is of course quite possible to use a logit demand model as a

fipureod increment al °raodd®may bertakemhoibe the basa-s e T

year road trip matrix and its associated costs respectively. In this there is an
implied assumption that the current matrix is 50% of some total trip matrix.
However from a more empirical point of view, and in particular given the fact the
fiactiveo part of the demand curve %)
(i.e. costs of zero are not possible so the demand is never likely to get anywhere
near 2T°), then we can think of equations such as (7.30a) purely as convenient
analytical forms allowing the number of trips to decrease or increase as costs
increase or decrease.

What is important to realise is that the incremental logit equation (7.30a) does not
ft i thé user to an implied 50:50 share model. As explained earlier other forms,
using matrix transformations, are possible.

Forecast Year Logit Models

Extrapolating a base-year logit curve to a future year logit curve follows the same
principles as in 7.8.1 if we assume that road demands increase by, say, 10%
across the whole range of possible road costs and if the alternative mode (public
transport) costs remain fixed. Thus the reference cost matrix remains the same

5073429/ Feb 09

7-65

10_09_24 Section 7.doc

very



SATURN MANUAL (v10.8)

SATURN

Assignment i The Role of SATEASY / SATALL

as in the base year while the reference trip matrix T° in equation (7.30a) is
factored by 1.1.

Note, from a purely technical point of view, that it may be possible to factor a base
year trip matrix by setting GONzZO = 1.1 (say). However, this is not
recommended.

7.8.4 Share Models

With the share models, MCGILL = 10 or 11, the interpretation of the input trip and
cost matrices is more constrained since they represent a simple (2-level, 2-choice)
nested logit model and a basic logit model respectively.

Hence Ti,-° in equations (7.30e) and (7.30f) represents the total number of trips
between i and j with certain (user-defined) choices to be made. Hence it is the
equivalent of T in Figure 7.6, not T°. In the base year this might represent an
observed matrix (aggregated over all choices); in an alternative/future year
scenario it could represent the base year matrix suitably growthed up either
uniformly or by origin or destination to represent specific local schemes.

The interpretation of the alternative or @
nested logit) is also more constrained since it/they must represent the cost(s) by

well-defined alternative choices. Hence they are not base-year road costs

(although, as with equation (7.36) they may be inferred from road costs given

sufficient extra information.

Since the alternative costs are not road related their values in future years will
need to be determined by the user. Thus if c® represents costs by public transport
it may be necessary to calculate them based on future year levels of service, fares
etc.

7.8.5 Choice of Demand Function

The most important single consideration in establishing a demand function is to

get the right degree of sensitivity of demand to costs, the best single measure of

which is elasticity. At a global level, i.e. in terms of the total number of trips by

road, it is possible, by a judicious choice of b and/or p parameters, to make all

demand functions Al ook o vtedogotdvergeitobmuch as | on
from their fibaseo | evel s. However i f we |
disaggregate level, e.g. origin or o-d level, then marked differences do appear

between the different functions as discussed below.

7.8.5.1 Absolute vrs Relative

The logit and exponential demand functions - (7.30a) and (7.30c) - are functions
of absolute differences in costs while the power law and elastic exponential forms
- (7.30b) and (7.30d) - depend on the relative differences or cost ratios. Thus in
the latter case there is no difference between costs which change from 10 to 11
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7.8.5.2

7.8.5.3

minutes or from 100 to 110 minutes. With an absolute function 100 to 110
minutes would have (effectively) 10 times the impact as 10 to 11.

This implies that absolute models will tend to have a greater effect on long
distance trips than short simply because long distance trips include more links
which can contribute to cost differences. However this may depend on the type of
policy being tested. For example if the cost changes are due to tolls on a single
link or a cordon which is crossed only once then all trips will experience the same
increase in cost (or zero), in which case, relatively speaking, short distance trips
will be greater affected with a relative model.

This is not to say that absolute models are better than relative or vice-versa;
beauty is in the eye of the beholder and you need to make up your own mind.
But, at the very least, be aware of possible differences.

Limiting Values

The functions differ further in how they behave in the limits of very high and very
low costs. Thus at zero cost the power law demand goes to infinity whereas all

ot her model s approach finite val ues. Thi

distinction in that zero-cost trips do not exist in real life, at any rate between zones
by car. However they may well crop up in models.

Thus in network models it is certainly not unusual for two zones to be attached to

the same node, in which casetheiro-d costs are |likely to be
Alternatively they may be connected at opposite sides of a single simulated turn

with a delay of very near zero, in which cases any changes at that node which

lead to finite delays (e.g. converting a priority junction to signals) may lead to very

large and presumably very unrealistic changes in the demand.

This should not be seen as a reason why not to use power law functions; however
it is a factor that the user needs to be aware of and to guard against.

Equally at very high costs the exponential functions will tend to go to zero more
rapidly than the power functions although, since the absolute numbers of trips will
be near zero in either case, the differences will be less pronounced.

Base Independence

All the elastic demand functions in 7.7.1 may be written in the general form:
T=Tf(c¢)

where, by definition, f(c?, ¢®) = 1. The point (T°,¢c®) may be thought of
or fpivot pointo through which the demand
some, but not all, of the functions in 7.7.1 have the additional property of being

Aibase i ndepe any pontoa the demandhcarge may be chosen as the

base point and the identical function is produced.
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For fibase dependeahhasda ormpedse defindion Gorthat, in
practical terms more care is needed on the part of the user to specify them.

To illustrate, consider the constant elasticity form (7.30b):

T=T(c/ )
T=(T°/(c°)P)d°

T=XC

In this case we need only one value X° to specify the form of the demand function
(assuming the elasticity p to be specified separately), not two separate values of
T° and c°. It also follows that X° may be obtained from any other point on the
demand curve, say (T%, ¢') since

X0=T"¢
Similarly, equation (7.30c), may be written:
T :Toexp( -b(c e?))
T=T° exp(bco) exq - &)
T = X%exp( bc)

such that any point on the curve is sufficient to define X°.

However the logit equation (7.30a) cannot be rewritten as above, i.e. with the
dependence on c¢ separated from the dependence on T° and c°. Hence it is base
dependent. Similarly the elastic exponential (7.30d) and the nested logit (7.30e)
are base dependent.

If we refer to (T°, c°) as the base scenario A for some future year we may, with
base independent functions, use the T° and c® matrices as the base to carry out
an elastic assignment for scenario B with, e.g. a changed network. If we then
wish to consider another scenario, C, then we may use either the matrices from
scenario A or from scenario B as our starting point; both will give the same
results*. This would not be true with a base dependent function.

* Strictly speaking both will converge towards the same results but since they are likely to start from
different initial conditions they may yield slightly different results since they will be converging along
different paths.
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7.8.6

In practical terms base independent functions give the user a bit more flexibility. If
you accidentally delete the matrices from scenario A above but still have those
from scenario B then you are OK. On the other hand if you are the sort of person
that goes around deleting important files then you are probably the sort of person
who could accidentally use a trip matrix from scenario B and a cost matrix from
scenario C as the base for scenario D and wind up with totally the wrong result
whether your basic function is base independent or not.

On balance there is no substitute for being careful and base
dependence/independence should not be seen as favouring one functional form in
preference to another.

The Definition of fiCost o within Demand

In our general discussion of the equilibrium between supply (i.e., assignment) and
demand models i n Section 7.4.1 it was i mpl
defined within the assignment model is identical to the cost as defined within the
demand model. (Or, strictly speaking, we assume that the route-dependent
components of the cost are the same in both models.) However it is not
uncommon for combined VDM models to be formulated in which this rule is not
adhered to.

For example, the cost as used in the demand model may include components
such as vehicle operating costs which are based on an average speed of travel
between O and D which, in turn, depends upon the route(s) used but which,
cannot be calculated as a straightforward sum of individual link components along
the route(s); i.e., we cannot define an additive operating cost per link. Equally the
demand model may use the same components of cost as the assignment model,
i.e., time and distance, but use different weights.

In either case there is a strong possibility that the combined supply-demand model
will not converge to a unique equilibrium solution (either it will become stuck in
infinite loops or there may be multiple equilibria, one of which will be arbitrarily
reached) . The basic problem is that
directionso.

Note that the problem does not occur if the demand model includes cost
components which do not feature in the route choice models as long as those cost
components are totally independent of the routes chosen. For example, modal
split models frequently add a notional penalty to the O-D costs by public transport
but these costs have no affect on the choice of an O-D route by either road or
public transport. Similarly, if area licensing is being modelled such that a trip with
both origin and destination within the charge area automatically pays a toll but that
toll is fixed independent of the route chosen, it is not necessary to include that toll
within the assignment model; it can be subsequently added to the O-D cost matrix
for those cells as a pure matrix operation. By contrast including, as above, a
vehicle operating cost based on speed is clearly route-dependent.

A more practical consideration is that, in order to calculate an average O-D speed
or to set up different time/distance weights, etc. etc., it becomes necessary to
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